A multiplicative linear comparison for the fourth angular mode
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p :5, rn=p r9o=1c =-1, 02:p2, W:ZC’ilBri-
For x> 0 put W (t) = "2 and

Qu(t,r) = 1“72/ sWi(t,s)ds.
0

This is the angular velocity of the radial heat solution. Its inviscid values at the reference
interfaces are 1
QQ(Tl) = —g, 90(7’2) =0.

All constants in this note depend only on the displayed fixed profile and the fixed collars chosen
below. They do not depend on « or H.

We use one complex positive Fourier coefficient, with angular index m = 4. A real perturba-
tion is f(t,7)e* + f(t,r)e~4"; its negative coefficient is recovered by conjugation and imposes
no additional restriction on the positive coefficient. Write

paldr) = ordr, ) = (BT )= <o [T b s(ds)

max(r, s)

The radial coefficient of the streamfunction is ¢,. The equation linearized at the radial heat
solution is

Of + imQu(t,r) f — im”’“r(’")

1 m?
OWi(t,r) =k (c%n + ;87» — 7"2> I (1)
Indeed u, = —r~10p1; hence the linearized radial advection is —imap, W/, /r. The streamfunction
formula follows by solving the radial Poisson equation, regular at zero and decaying at infinity.
In particular every normalization in (1) refers to the same positive Fourier coefficient.
Choose dy > 0 so small that the intervals I; = (r; —2dy, 7;+2dp) are disjoint and their closures
are contained in (0,00). Fix x; € C°(I;), with 0 < x; < 1, equal to one when |r — r;| < dgy. Set

/Xz Nt d?"
’Lz

d(r) = min{dist(r, {r1,72}), do}, qi(t)

F(t) = |illrv, = / P)\el (dr).
The Euler interface matrix is
(Mpz)i = —imQo(ri)z; + 5,2 Z Jrjh (13,75)%;. (2)
" J

For m = 4, this gives exactly

[ 3i/10  ip*/2 B . 5 _
M4_<—ip6/2 3i/10) A =do+ir, o=p’/2>0, 7=3/10,

with eigenvectors vy = (1, —ip) and v_ = (1,ip).



Proposition 1. There are a, > 0 and C' < oo with the following property. Let H > 1 and
0 < kH <a,. Sete=+rkH and prescribe

2
po =Y cirizioy,,  Fo=|pollv-
=1

Equation (1) has a unique bounded measure-valued mild solution on [0, H]|, weakly continuous at
zero with initial measure pg. It is smooth in the radial variable for positive times. For0 <t < H
it satisfies

F(t) < CFyelotCo)t, (3)
T(t) < CeFpelotCo), (4)
lq(t) — etMiz| < Cetel™HCO Ry, (5)

The norms on the last line can be any fized norm on C2.

Lemma 1 (Radial heat layers). Let D;(t,r) = —are“mlgri. For 0 <t < H with kH < a,
these functions are nonnegative and

/ Dit,r)dr =1 — ¢~"2/(50), (6)
0
/ lr — 14| Di(t, 7) dr < O/, (7)
0
/ Dy(t,r) dr < Cee/(s0). 8)
|r—ri|>do
Moreover
Qu(t,7) — Qo(r)| < C(|r —ri| + V&t) (r € L). 9)

Proof. Convolution of a disk indicator with a radial decreasing positive kernel is radial decreas-
ing, which proves D; > 0. To verify this directly and obtain quantitative bounds, differentiate
the disk convolution as a boundary integral. With a = st and R = r; this gives
R 24 p2 rR
Dyt _%w%vwn(). 10

Here I7(s) is the modified Bessel function, represented by (27)~1 f02 T 580 cos0dh. For s < 1
its power series gives I1(s) < Cs. For s > 1, integration by parts gives

S

2
N(s) = o- [ ere=0sin? b < Csel(1 -+ 5) 2

:%O

The last bound follows by 1 — cos > cf? near zero and the corresponding bound near 2,
with exponentially small contribution elsewhere. Thus for all s > 0, I;(s) < Cse®(1 + s)3/2.
On R/2 < r < 2R, formula (10) is bounded by Ca~1/2¢~(r=R)?/(4a)  Op the remaining ranges
the same formula, and the preceding global bound on I, give an exponentially small integral,
including after multiplication by |r — R|. Near zero the additional factor s in the Bessel bound
removes any radial singularity. These elementary Gaussian integrals prove (7) and (8), with
slightly reduced exponential constant in the tails. The mass identity is also exact: the heat-
convolved disk tends to zero at infinity and has value 1 — e~ R?/(49) af the origin.

For (9), the disk translation estimate ||1p,(- —y) —1p,|1 < Cr|y| and Gaussian convolution
give ||W,(t) — W]l < CV/kt. For r € I, which is bounded away from zero, the displayed formula
for 2, bounds |Q, — Q| by this L' error. The function Qg is Lipschitz on the collars, including
across its interface values, so the remaining difference is at most C|r — r;|. O



We next justify the measure equation and the estimates used in its proof. Let P(t,s) be
the homogeneous propagator obtained by omitting the nonlocal source in (1). In the natural
measure f(r)rdr it satisfies

1P, s)nllov < [lnllov, (11)

[aw)Psicar) < [ d@ni(dr) + Cy/ute = )l (12

Indeed complex Kato gives
O < b (O + 7710, = m*r72) | f].

The angular multiplication is imaginary and disappears. There is also a direct kernel argu-
ment avoiding any boundary issue at » = 0. The angular-m heat propagator has a positive
radial kernel involving I,,, and 0 < I,,(s) < Iy(s) implies domination by ordinary radial heat.
Positivity follows from its power series and the upper bound from the circle-integral represen-
tation. Interleave this heat propagator with the unit-modulus multiplications e~ (tr)AL - A]]
these products are dominated by radial heat; their bounded-perturbation limit constructs the
homogeneous propagator and preserves domination. The bounded coefficient is continuous in
time in L™. At time zero, for r < p/2 the heat error in the central constant-vorticity region is
O(e_c/(“t)), so the integral defining €, has the same bound there. For r > p/2, the disk L' heat
error and the factor r~2 give O(v/kt). At positive times L™ heat continuity suffices. This proves
the claimed continuity. This time-dependent product construction is therefore legitimate and
proves (11). The radial function d(|z|) is globally 1-Lipschitz on R2, so ordinary heat changes
its average from a point z by at most E|v2kB;_s| < Cy/k(t — s), proving (12). For clarity,
these facts hold initially for smooth radial coefficients; extension to finite measures follows by
approximating measures and using the radial heat kernel. One can also construct P directly by
the bounded imaginary perturbation of the angular-m heat propagator. The multiplier  is
uniformly bounded because |Q| < ||W||oo/2.
The nonlocal source as a natural measure is

Bip(dr) = ima,(r)WL(t,r) dr. (13)

It is a bounded map on finite measures, uniformly in ¢ > 0: |¢,| < ||g||Tv/(2m) and [ |[W)|dr <
> i leil. Thus the Volterra equation

t
we = P(t,0) o +/ P(t,s)Bspus ds
0

has a unique bounded weakly continuous solution by Picard iteration in finite measures on every
finite interval. At positive times each source term has an integrable radial density; its integral
is therefore a usual strong measure integral. No strong continuity in total variation at zero is
asserted for the singular ring measure. The usual iteration estimate is the exponential series
with terms bounded by (Ct)"/n!. The singular initial ring measure is therefore harmless. The
kernels are smooth for positive times; on any interval separated from zero, this bounded-source
construction and the smooth coefficients give the stated radial regularity. All computations
below may alternatively be performed after smoothing the ring initial data and passed to the
measure limit with the displayed uniform bounds.

Proof of Proposition 1. We first reconstruct the streamfunction from two collar masses. Uni-
formly in r > 0,

Yulr) + 5= S cirtho(r gl <OT,  [u(r)] < Cllal + 7). (14)



To prove this, insert x1 + x2 in the integral defining 1),,. Outside the regions where these cutoffs

equal one, d(r) is bounded below by a fixed positive constant, so the remaining variation is

bounded by CT'. On the ith collar, |Oshm(r, s)| < m/s uniformly in the receiving radius . The

difference from h,, (r,7;) is consequently bounded by C|s —r;| < Cd(s) there, after adjusting the

fixed constant where |s — r;| > dy. This proves (14) with no confinement assumption on .
Since W), = — >, ¢;D;, Lemma 1 and (14) give

Budley < Cal + 7). [ d(r)|Bunl(dr) < Ce(lg] + 1)

Apply (11)—(12) to the mild equation. The initial measure has distance moment zero, so

F(t) < Fo+ C/Ot(|q(s)\ +T(s))ds, T(t) < Ce [Fo + /Ot(]q(s)| +T(s))ds| . (15)

In the source contribution to the second inequality, the additional heat displacement is at most
C+/k(t — s) < Ce times the source variation.
Testing (1) against y; in the natural measure yields
m

/
g = — @ XiS et ( dr)

K _ —
+ L [+ mi Al dr)

i1

m ,
+ % /Xiwuwﬁ dr.

The first line equals —imQ(r;)g; up to C(T' + F'), by (9) and the fixed collar geometry. The
second is bounded by CkF < CeF, since the test function is supported away from zero and
kH <a, <1, H > 1.

For the third line, |0,hy,(r, s)| < m/r on each receiving collar gives |0,1,| < CF. The near-
unit mass of D;, its first distance moment, and the exponentially small D; mass in the foreign
collar imply

/ W dr = —cpb(r) + O(eF).

There is no singular remainder at zero: these tests are supported on fixed positive-radius collars,
and Lemma 1 already controls the omitted radial gradient mass. Applying (14) at r; identifies
the main term with the coupling in (2). Consequently

q = Myq +e, le| < C(T +¢€F). (16)

This identity is valid almost everywhere and in the integrated form from time zero; all right-hand
sides are locally integrable by the mild bounds. The initial identity ¢(0) = z follows from weak
convergence of the homogeneous heat evolution against y; and the O(t) variation of the source
integral.

To exploit the exact spectral growth, write ¢ = av; + fv_ and put y = |a| 4 |3]. This is an
equivalent norm on C?; the upper Dini derivative in (16) satisfies

Dty <oy+ C(T +¢F).

Define .
Z(t) = Fo+ /0 (la(s)| + T(s)) ds.

Equation (15) gives F < CZ, T < CeZ, and therefore, for fixed positive constants Cy, Cy, Cs,

DTy <oy + CeZ, 7' < Coy + C3eZ.



Choose a > €1 /o and Cy > max{aCy, Cs}. For Y =y + aeZ, direct substitution gives
DTY < (0 + Che)Y.

Initially ¢ = z and y(0) < CFy, so Y (0) < C'Fy. Gronwall gives y(t) < CFyel®+tC18)t Integrating
the inequality for Z then yields

Z(t) < eCset |:F0 4 CF, /t e(o'+(c4—03)6)8 ds| < CF06(0+C46)t,
0

where the fixed positive ¢ bounds the denominator. This proves (3) and (4). Finally the
diagonalization gives ||e/™|| < Ce!. Variation of constants in (16), followed by the Z bound,
proves

t
lq(t) — etMiz| < CEF()/ e?(1=9)e(0+Ca%)s g < CeteldHC1ol
0
as claimed. 0

Remark 1 (Unstable coordinate and scale compatibility). The left unstable coordinate is a(q) =
q1/2 4+ iq2/(2p). Since a(Maq) = (0 +i1)a(q), (5) gives

alq(t) - el a(z)| < Cete MR,

If Fy < Cola(z)|, the relative comparison error on [0, H] is at most CCO\/EH?’/QeC\/EHg’/Q. This
includes the zero-initial-fourth-moment stable/unstable combination, whose stable and unstable
coefficients have equal modulus.

For geometric cascade scales, the first receiver has ky_1 = Bq*ky. On H = O(log(1/q)),
this linear relative error tends to zero even when kn > Bq%, the condition needed to place the
next scale in the low-Re regime.

Remark 2 (Scope of the proposition). This is a linear statement about a radial heat back-
ground. It does not prove the finite-amplitude source-window comparison, the nonlinear stable-
complement reset, the control of actual foreign diffusive fields, or a nonunique inviscid limit for
one fized datum. Those statements require additional estimates. In particular, this proposition
supplies a multiplicative linear estimate rather than a replacement for the nonlinear contour
cascade.



