1 Fixed seeds: separate initial and forced prefix contributions

The following scalar comparison separates the common initial seeds from the forced response. Its
coupling inequality is a hypothesis.

Lemma 1.1 (Two prefix norms). Let 3 >4, 0<q< 1,8 >0,b>0, and A; = B!, Fix
a receiving index j > 2. Suppose nonnegative continuous functions x;, 1 < i < j, satisfy, on
0<6<LS,

Aof 0 Ao o+n
z;(0) < Mbe +M/ e (me )+ fil )) ds, Ao = 7 (1)
0 <y

where M,C,0 >0, n,r« >0, f; > 0 are integrable, and the nonnegative matriz K obeys

CBI00, 1<,

K;; < Cry/p, K; < , ,
/B : {C’,B"Jqﬁ("’), i<l<j.

Assume 3¢% < 1. Define

C /36 2/3
7“B=5<7"*+1_q5q6+1€(§2/6>, AB =X+ Mrp.

Then x; < h; + p;, where the initial contribution satisfies

max h;(0) < Mbe*BY. (2)

1<)

For D > § with Dg® < 8, put w; = (Dg°)~" and

_¢ p Dq _
Tp—ﬁ<7’ D— ,B—’_ﬁ Dq) /\p—)\()-l-MT‘p.

The forced contribution satisfies

P(Q) — ) SM/OQG)\ S)m Xfl( ) (3)

i<j  w; i<j  w;

All constants are independent of j. One can choose n,r, small, then D large and ¢ small, so both
A and \p are strictly smaller than o /2.

Proof. The row sums of K are bounded by rp: for | = ¢ + d the inner coefficient is at most
CB7(B¢5%)%, and for | = i — d the outer coefficient is at most C37~7(¢?/3)?%. Use f77 < 1/8 and
sum the geometric series.

Solve the positive comparison system

= NI+ ME)Y + Mf,  Y(0)= Mbl.

Iteration of (?7?), or its integral comparison principle, gives x < Y. The variation-of-constants
formula splits Y = h + p, with

6
h = eQol+MEK)0 prpq p= M/ e()‘OHMK)(e_S)f(S) ds.
0
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The unweighted maximum norm gives (?7). For the weighted maximum norm, the inner row
acquires (8/D)?% and the outer row acquires (Dg®/3)?. Their geometric sums give 7p and hence
(??7). Since Ag is close to o/p < o/4, first make the diagonal term small. Increasing D makes
the remaining g-independent term in rp small; subsequently decreasing ¢ makes all other terms
small. =

Corollary 1.2 (The fixed-seed baseline is small in its actual field). Assume the hypotheses of
Lemma 7?7, with \p < A\ < 0/2, in the clock 0 = Ajt. Suppose H > 0 and the completed cap
clocks satisfy

N-1
Tin<S/AN+H> A, N>j  S>HB/B-1).

m=j

Let 0 < 6 < 6, where §, < oo is fized, and put b = Se~ 7. Then through T; N the initial
contribution is bounded uniformly by

B = Mée~ (079,
Its normalized inward feedback on the receiver j is at most

/B

CY pIU9h, < OB :
2.0 T 1-¢%/B

1<j
The forced contribution has feedback at most

D¢®/p3
1-Dg*/B
In particular, for a fized hg > 0 and H = hglog(1/q) one can take S = Cylog(1/q) so that B =
O(q%) and its feedback is O(q®), with constants independent of depth and uniform for 0 < § < J,.

CP

Proof. Writing a = 87~V € (0, 1] gives

H
AjTj,N < Sa+ ﬁﬁ(l — a) < S.
Apply (??). The actual inward row in (??) is a geometric series with ratio ¢?/3. For p; < w; P its
ratio is Dq%/B. Choose a fixed Cy > hof3/(8—1) with Co(c — ) > 6. Then B < M§,qC0@=2+) =
0O(¢%), and its receiving-field row adds a factor O(g?). If Dg® < 1, the local chart bound follows
from x; < B + w; P < B + Dq°P whenever the latter quantity is below r,. ]

For the coloured Navier—Stokes evolution, the spatial ¢> and ¢° rows and the forced term must
be estimated separately; see Proposition 7?7 and Section ?77.

Remark 1.3 (A generic smooth-profile self rate). The same positive-matrix proof works with
Ao = 7/p for any fixed v > 0. Choose 3 > 4v/o, then choose the foreign-row parameters so
Mrp and Mrp are less than o/4 — /8. For a differential inequality whose diagonal rate is at
most y3°~7, use /B as its common upper bound. Thus a fixed-profile Kato rate can be used
independently of the unstable eigenvalue. The transform selection in Lemma 7?7 permits choosing
a good [ in any fixed sufficiently large interval, so this parameter change causes no conflict with
the isolated source transform.



2 Actual inactive densities and a large amplitude ratio

Fix the smooth radial reference W and p > 2. The inactive comparison uses the actual coloured
Navier—Stokes equation without differentiating an inactive colour. Its fixed-profile transport-
stability rate is made small in the receiver clock by choosing the amplitude ratio sufficiently
large. The first two closure corollaries assume an explicit packet bound; Section 7?7 derives a
bound from the actual packet.

Let P denote angular averaging. Use

= A, 871, Ry = Rid,
Gilt,x) = Ay [ RAW ] (a/ Ry,
G =w — Gy, hi = (I = P)w; = (I - P)Q.
For any density v put
Hv”l HUHP

Assume the initial colours are real, fourfold symmetric, have zero circulation, are supported in
B, r,, equal a constant in B, g,, and satisfy

lwiO)l, < CoAiRE,  [[wi(0)]|o < CoAu.

Here ag, cg, Cy are fixed. For the smooth seeded family these facts follow from the fixed compact
derivative collars. The series of colours is absolutely convergent in L' N LP, and fq < 1, so its
common velocity and coloured evolution are well defined as before.

Choose a fixed dimensionless annulus A and d. > 0 such that

dist(supp VW, R? \ A) > d

Set A; = R A. Choose q afterwards so that these annuli lie inside the older constant-core probes
and are separated from the small receiver truncation balls used below.

Proposition 2.1 (Stopped inactive row with explicit parabolic errors). There are constants
~v,C,c > 0, depending only on the fized smooth profile, p, and the displayed initial prefactors,
with the following property. Fiz j > 2 and

T < S/A;, K= <¢*?  1<8<Clog(1/q).

14
AjR?

Stop at the first time any i < j reaches x; = 6. Assume f>4,0<q¢<1, fg<1/2,0<0<1,
x;(0) < ¢ fori < j, q sufficiently small, and

CS(Vs + Bg) < c. (5)
In the clock 0 = Ajt, every inactive i < j obeys

dtz;
de

<8 e+ C Y BCa + C Y By + fi(60) + By, (6)

1<i i<l<j



where

1
fi(e):Zj 14, (;.K*hl) -VG; at t = 0/A;
27 X;
is the actual current/deep nonradial forcing. With
oS Cq72m
em = Ce"” exp|— ) m > 1,
/ﬁJjS
one can take
By =Clp e+ et Y BT e b Y BT (7)
r>k 1<r<k 1<r<k

The sums may be enlarged to infinite sums of nonnegative terms. No small nonradial-density
assumption is imposed on coloursl > j.

Proof. The exact radial heat profile is an isolated Navier—Stokes solution. For the actual common
velocity u, subtraction gives

(8t—|—u-V—uA)§i_—[K*QA—ZK*W - VG;. (8)

1£i

Every radial foreign velocity is tangential and annihilates VG, so the foreign fields on the right
can be replaced by K * h;. In particular diffusion produces no separate angular source. If every
initial colour equals its radial reference G;(0), then {; = h; = 0 solves the comparison system
with the prescribed initial data. For arbitrary radial initial colours the common velocity remains
tangential, and

hi() =0, G(t) = "2 (wi(0) — Gi(0)).

This difference is radial and need not vanish. In the all-radial zero-seed member of the reference
family the colours equal their references.

The scaled Biot-Savart split gives ||K * (;||,, < CpA;R;x;. Heat contraction of the fixed
reference gradient in L' and L?, and the scalar Kato inequalities, bound the self term by vA;z;.
For example v can be chosen as a constant multiple of Cy,([|[VW ||, + [[VW]|,)). No derivative of ;
enters this estimate; the actual nonlinear transport term disappears from the norm inequalities.

We verify the localized foreign-field estimates under the stop. For any fixed index [, the global
radial component obeys

lu(t,z) - e;| < CAlz| + CA R Bg. 9)

Indeed every radial average has tangential velocity. For k < [, the fourfold origin-growth bound
gives |K x hi(x)| < C||hi| o 2| < CAglz|, and Y, Ap < CA;. For k > 1 use | K xwgl|,, <
CALRy and >, Ap Ry < CAR;5q. The same estimate holds for only the foreign radial field.
The constants in these sums are uniform for 5 > 4 and fq < 1/2.

Apply the actual outer-core bootstrap to the stopped finite prefix [ < j — 1. Its nonradial-
density hypothesis follows from ||iy]|, < 24;Rfx; < 254, R?. All colours k > j enter that
bootstrap through the unrestricted, convergent velocity sum ;. ; A;Ry. The parameter margin
(??) and small ¢ therefore give the individual core estimate

[wi(t) = eill oo (B,,) < CAe R g =qy)2. (10)
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The bootstrap error threshold is of order S~!; its improvement follows from kjS < 1 just as
in the outer-core proof. Retaining the individual radius in that proof, rather than its maximum
over [, gives (77).

Fix ¢ > ¢g. On B,,p, the own nonradial velocity is bounded by C V6 A;R;. Older constant
cores contribute only rotation; their harmonic remainders contribute C5A; R;q?/3 and their core
leaks are exponentially small. All inner velocities contribute at most C A;R;3q. Choose ¢ so that
this ball is strictly inside every older core probe disk. By (??), the integrated radial drift is less
than a fixed fraction of (¢ — cg) R;. The radial exit estimate for the positive scalar evolution from
i (0)] gives

/| o, ()] o < C A R}e /1), (11)
z|>co Ry

For its post-exit fourth moment use ¢(z) = (R? + |z|?)%. Equation (?7) gives u - V¢ < CA4¢,
while vA¢ < CvR; ?¢. Conditioning at exit from B.,p, consequently gives E[¢(X;) | Fexit) <
C’R?eC(AlJ”’ /RIT < CR?@CS . Multiplication by the exit probability proves

/ | i (t,2)| do < CA RS e/ W), (12)
lz[>c2 Ry

Angular averaging preserves radial integrals. Inside B, g, use ||ly||, < 24;R?x;; outside use (?7).
It follows that

/|x\4|hl(t,x)| dz < CARYz () + ¢j1). (13)

For an inner colour ¢ < I < j, take a fixed small » > 0 such that B, g, is inside the initial
constant disk of colour i and cpg < /4. In this ball the radial velocity estimate based on index
i has the same small integrated bound: the own nonradial term is Cv/§A;R;, older remainders
are controlled by (??), and all inner colours enter by C'A;R;3q. Starting the [th positive colour
in B.yg,, radial exit from B, g, therefore gives

/| g )] do < CAR2 R0, (14)
Z|>N1Y

This receiver-radius estimate is essential.

On A;, for I < i, split h; into its core and exterior. Equation (??) bounds the core density by
C’Ale*CRlQ/(”t); the origin-growth estimate bounds its velocity by CAZ\:U|e*CR12/(”t). The exterior
part has mass at most 2A4; R?z; and a fourfold inverse-moment expansion starting at degree three.
Thus

| K« hy(x) - e
R;
For ¢ < I < j, truncate h; at radius nR;. Every radial truncation has zero circulation because
Ph; = 0, and fourfold symmetry cancels harmonic moments of degrees one to three. Its exterior
field is bounded by CR;® [ |y|*|hi(y)| dy. For the remaining density use (??), |||, < C4;, and
Biot—Savart interpolation. This gives

< CAP T Vay 4 ¢jy). (15)

| K« hy(x) - e

R < CA4 {qﬁ(lfi) (z; + ej_l) + ql*"ej_,} . (16)

The fixed exponent c¢ in e,, has been reduced to absorb square roots and polynomial factors.

Away from A;, VG; is the Gaussian convolution of the compactly supported reference gradient.

The fixed margin d,R; gives, with 7; = vt/R?, scaled L' and LP tails after multiplication by

(]



|x| + R; bounded by Ce—d2/7i The Gaussian kernel has this decay whenever its argument is at
least d,R;; integration and fixed polynomial weights are absorbed by decreasing c¢. The foreign
version of (??) consequently bounds the total omitted forcing by C'A;e;_;. Combining this with
the self estimate, (?7?), (??), and the explicitly retained f; proves (?77)—(?7?). O

Corollary 2.2 (Inactive density closure under packet history). Let o > 0 be the growth rate of the
fixed smooth reference. Choose [ sufficiently large that v/ < o /4, then a fized D > [ sufficiently
large, then q sufficiently small. Set w; = (Dg®)7~" and b = §e=7%. Assume x;(0) < Mb, and the
packet-history bound
O A0 fi(s)
sup / P08 max 227 ds < .0, (17)
0

9<A;T i<y w;

where A\p < ¢ /2 is the weighted comparison rate below. Take S = Cylog(1/q), with Cy sufficiently
large and fized. Fix a finite Ls > 0 and choose the cap so that

¢" <d(g) <1, COS(\/é(q) + Ba) < c. (18)

All constants and exponents are fixed before q is decreased. Then the stopped solution remains
strictly below its stopping threshold:

z;(t) < B+ w; [00*5 + o(qK)] < 4/4, B < Mje~(@=2p)S

foreveryi < j andt <T. Here K is any fixed prescribed power, the error in the forced weighted
norm is also 0(6q°®), and the constants are independent of depth. Alternatively, the lower bound
in (?7) may be replaced by the direct relative-error condition

n(@)Se S = o(5(q)¢®),  n(q) = sup ——

SUP BDg ) (19)

The conclusion is conditional on (7).

Proof. Bound each self coefficient in (?7) by Ao = 7/8. This replaces, rather than identifies with,
the earlier sharp spectral rate (o + ¢)/5. The unweighted off-diagonal row sum is at most

Cl Bq° ¢*/B ]

BTG T-p 1-¢2/B

The row sum in the forced weights w; is at most

_c|_Bs . Dq®
T B|D-5" B-DE

Thus Ap = Ag+7p and Ap = A\g+7rp are both below ¢/2 in the prescribed parameter order. The
positive comparison equation splits exactly into initial, packet, and parabolic-error contributions.
Its initial part is bounded by Mbe*B?, giving the stated B.

For the explicit error put

em
1) = 2 Dy



This is smaller than every power of ¢, uniformly when #; < ¢3/2 and S = O(log(1/q)). Indeed
successive ratios in this supremum are less than 1/2 for small ¢, and its first term has Gaussian
exponent of order ¢~7/2/S. A direct summation of the four terms of (??) gives

DqPb 1
A PRI
1-D¢ D-1 1-pq

Ey
su <C 1+
k;f D n(q)

For example the third sum becomes D% 3" _, 87" e, < n(q)D~* 3, D". The fourth uses
Y or<k BTq" " < B7FBq/(1 — Bq). Tts weighted convolution is therefore at most

He(q) == Cn(q)Se*P® = o(¢*) for every fixed L > 0.

Choose L > L5+ 6. Then (??) gives

o(¢")
qL<S+6

Hg(q)
6(q)q8

Thus the error is 0(3¢%) in the forced weighted norm. Under the alternative (??), this relative
bound holds directly.

The positive-matrix variation of constants and (??) yield the asserted bound. Choose C3 so
Ca(o — Ag) > 6; then B < §¢5. Finally max;<; w; = Dq% so small ¢ makes the complete right
side less than §/4, contradicting a first stopping time. The estimate bounds the comparison error;
radial data have no angular forcing by (?77). O

< — 0.

Corollary 2.3 (A static packet bound suffices for inactive density). For the inactive-density
conclusion alone, the packet-history hypothesis (7?7) may be replaced by

(0
Sup max fil) < C,0.
O<A;T 1<i Wi

Fiz Cy > 6/0. Choose B, D, and then q, so that
Cy(0 — A\p) > 6, Codp < 1.

With S = Cslog(1/q) and the cap condition (?7), or the alternative relative condition (77)
together with the radial margin, the actual inactive densities remain below §/4. Their normalized
tnward nonradial velocity on the current receiver’s fixed collars is

O((SSqS*C?)‘P) + 0(6¢%) = 0(54°).

The static packet bound is an explicit input. The packet estimate in Section 7?7 closes the inactive
stop directly, without requiring this static input to be O(0).

Proof. The stated parameter choices are possible since Ag, A\p can be made arbitrarily small by
taking the fixed 3, D large and then g small. The packet contribution to the forced weighted
norm is at most CC,8Se*PS. Thus

z; < B+ (Dgb) [C’C*dSq_CQ)‘P + o(qK)} )



The baseline B = 0(6¢%) and the nearest forced bound C6S¢%~“2*# are both below the stopping
threshold. The parabolic errors are o(6¢®) in the forced weighted norm by the preceding relative-
error calculation, so they are below the stopping threshold as well. For the inward field use the
actual older-core multipole estimate:

2 8
S B IPy < BT 4 0Casq P P o(g").
i<j F=q g b

The error field is at most O(¢®)Hg = 0(6¢°), and CoAp < 1 makes the principal packet term
0(8¢°). O

3 An actual packet bound closes the inactive density stop

All colours in this section are the actual scalar colours of the common unforced Navier—Stokes
velocity. Use the notation and fixed profile hypotheses of Proposition ?7. In addition choose ¢
so small that 3¢%/? < 1/2.
Let S(t, s) be the positive scalar transport—diffusion propagator for that common velocity and
put
Pi(t) = S(t0) (X [w(0)]), v =D .
1> 1>

The symbol P; here denotes a positive envelope, not angular averaging. The initial sum is in
L' N LP and is supported in B, R;- Positivity and monotone convergence imply

2
Slu®| < Pi(t), Pl < CARE [P, < CARY.
>3

The positive aggregate is used only in L' N LP. The actual packet velocity is controlled by the
individual colour contractions.

Lemma 3.1 (Actual packet moments). For every fizved integer n > 2, with § = At and k; =
I//(AjRJQ-), one has

/ (R2 + [f2)"2Py(t, z) du < Co AjRI2(1+ 0 + \[1;0)"eCn0/. (20)

Constants are independent of j, depth, viscosity and all seed phases. The moment bound holds
without the inactive stop.

Proof. Write u = u; + u>;. Individual colour contractions and Biot-Savart interpolation give

luzjll < €Y ARy < CA;R;.
1>

The fourfold origin-growth inequality applied to each older colour yields |u;(x)| < CAj|z|/B for
B > 4. The constants in these two sums are uniform for 5 > 4 and ¢ < 1/2. Thus the actual
radial drift is bounded by L|z|+ V, with L = CA;/f and V = CA;R;. Tangential rotation does
not affect radial weights.

Let M = [P; and Q, = f(R? + |x|?)*/2P;. Differentiation of the weight, positivity, and
Holder with respect to P;dx give

Q! < CoLQy + C, VMY Q=D o CuM?nQn=2)/m,



If M = 0 there is nothing to prove. Otherwise Y = (Q,,/M)"/™ satisfies Y > R; and
Y' <C,LY +C,V + Cpr/Y.

A supersolution is eC"Lt(CnRj +C,Vt+C, \/1775), after enlarging C,,: the derivative of the square-
root term controls Cpv/Y for ¢ > 0. The initial support bounds Y (0) by C,R;, proving the
claim. To justify the moment calculation without assuming moments in advance, start with a
finite truncation of the positive initial aggregate. The common velocity is bounded on the physical
window, so its positive diffusion representation gives finite moments. Apply the displayed uniform
calculation and pass monotonically to the full positive datum. Equivalently one may use truncated

radial weights. The constants in the refined estimate use only L,V above, not the crude global
drift bound. O

Proposition 3.2 (Actual force on a stopped inactive prefix). Under the stopped hypotheses and
parameter margins of Proposition 77, set

M(S) = (14 S+ /r;8)*eCs5/B,

For every i < j, k=j—1, and 0 < 0 < A;T < S, the actual packet force in that proposition

obeys
—2k

Cpq
-2 1 . (21)

In particular, for the weights w; = (Dq®)?~* with fized D > 1,

sup max 10 < oM(8) + e(g),
0<A;T <3 W

fi(0) < Cq®* M(S) + CqF exp

where ¢(q) is smaller than every fived power of q, uniformly for r; < ¢*? and S = O(log(1/q)).

Proof. Let h>; = (I—P)v;, where P again denotes angular averaging. Its fourth absolute moment
is bounded by twice that of P;. Choose a fixed 7 > 0 so that B, g, is inside the constant core probe
of colour 4, and is separated from A;. On this ball the own radial field is bounded by Cv/§A4;R;,
the older fields by their actual core/harmonic bounds, and all inner fields by C'A;R;3q. The stop
and its radial margin therefore give a displacement strictly smaller than nR;/2 up to 7. Every
positive packet constituent starts in Be,r; C Byg,/4- The radial exit estimate consequently gives

/ Pj(t,z) dw < CA;R2e™ <RI/,
|z[>n1;

This estimate uses the unrestricted convergent inner velocity sum, not a small-density assumption
on the packet.

Radial truncation of h>; has zero circulation and vanishing harmonic moments of degrees one
to three. Its field on A4; is therefore bounded by CR;® [ |x|*|h>;|. For the exterior leakage use
the last exit estimate and the LP contraction of P;. The elementary kernel split gives, for p > 2,

p—2 P

1K 5 flloe < Go AT A1

Indeed the near integral is at most Cpd'~2/P | f]l,, and the far integral at most C'[| f||; /d; optimize
d. Angular averaging preserves radial tail masses and contracts LP. Thus the leaked nonradial




packet has velocity at most C'AjRje_CPR? /(%) " Combining this with the fourth moment and the

uniform scaled heat-gradient bound on G; proves (?7): the force normalization is velocity divided
by A]RZ
After division by wj, the first term is at most CD~*M(S). The second is at most

CD—kq—5k€—cpq_2k/(lijS) .

For small ¢ successive such terms decrease, and the first is smaller than every g-power because
#;S < ¢*2Clog(1/q). This proves the weighted assertion. O

Corollary 3.3 (Unconditional stopped inactive closure). Fiz K > 6 and any fized Cy > 6/0.
Suppose ;(0) < Mq¥ for every i < j. Choose 3 sufficiently large, then D sufficiently large, and
then q sufficiently small so that

Codp <K —6,  Co(Ap+Cu/f) <1,  Bg¥P <1/2.

Set S = Cylog(1/q) and § = (log(1/q))~*. For every T < S/A; with r; < ¢*? the actual older
densities satisfy

zi(t) < Mg"=*0 4+ C(DE YIS (1 + §) PPt /DS 4 o(¢X) < 5/4. (22)

The core persistence conclusion and the harmonic older-field estimates hold on this window, with
the packet force supplied by Proposition ?7?7. On the current colour’s fixed collars, the normalized
older inward nonradial field is

O(qK-i-Q—Cz)\B) +0 (S(l + S)4q8—02()\P+C4//8)) 4 O(qK).

These statements control magnitudes; they give no nonzero signed impulse.

Proof. Use the positive comparison matrix from the proof of Corollary ??. Its initial unweighted
part is bounded by M¢® e, Tts packet part is bounded in the forced weights by CSM(S)e*PS +
o(qK ), using Proposition ??. The parabolic error sum is the same sum as in that corollary. The
cap 0 = (log(1/q))~* satisfies g% < § for every fixed Ls > 0 once ¢ is small, so its error is also
0(6¢%). Since ;S < 1, this proves (??). Write a = C2(Ap + C4/B) < 1. The nearest forced
density is bounded by CDq¢®~2S(1 + S)*, and the initial term has exponent K — Colp > 6.
Their sum and the Gaussian error are o(d), giving the strict 6/4 improvement. The radial margin
holds since Sv§ = O((log(1/¢))™") and SBq — 0. A first stopping time is thus impossible.
Finally sum the actual older core harmonic row 3, _; 319 q20="g,: the initial and packet parts
give the two displayed field powers. The choices of 3, D are possible because Ag, Ap, C4/ can be
made arbitrarily small in this parameter order. This closes the density stop and the older-field
magnitude estimates. A signed transfer or protected active cap requires additional information.

O
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