A uniform nonlinear annular cascade: a conditional reconstruction
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Scope. This text proves the cascade implication from explicitly listed analytic, spectral, multipole,
and transport inputs. Those inputs are not consequences of an informal contour calculation. In
particular, the full material contour space, a twice differentiable invariant graph, the full contour
norm interaction estimates, and a locally Lipschitz contour operator on each compact regular
canonical trajectory must be supplied separately. The proof below does not require regularity
estimates for spent packet boundaries. It uses the whole actual discounted pulse, including the
actual past, and never assumes the recipient’s future cap.

1 Precise input contract and what is being proved

Let B = c17(S';R?)? be the real little Holder space of two material contours with fourfold symmetry,
including their tangential components. Put

r=p, ra=1, p?=3/5, c=p"/2>0, 7=3/10, X2(0)=rie".

Every domain has its reference area, and a colour has signed vorticity —1p, + p*1 D, in normalized
units. Its circulation is zero. The constraints and symmetry are preserved by the common transport
flow.

The following are inputs, with constants fixed independently of the finite number of colours and of
q.
(H1) In a fixed reference neighbourhood the stationary material gauge has the mild equation

hi = Ah+ N(h) + f(t), G(t) =", A= —diag(—1/5,0)dy.

G is a strongly continuous isometric group on E; N(0) = 0 and N is C? (analytic is
more than sufficient), with bounded derivatives on a slightly larger neighbourhood. The
bounded perturbation A + DN (0) generates a group S(¢). A commuting projection P, has
complementary group S.(t) satisfying

IS <CL+t), SO < Myt t>0.

The unstable real plane is identified with C and has exponent A\g = ¢ + i7; its growing
relative-normal fourth-mode vector is (1, —ip). The complementary projection is the
spectral complement of that plane. All these bounds concern the full E space.

(H2) The relabeling-invariant moment coordinate is

1
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It is C?; its derivative at X© is the unstable left dual, and (a,b) = (a(X" + h), P.h) is
a C? local chart with inverse H(a,b). There is a C? invariant unstable graph b = g(a),



(H4)

g(0) = Dg(0) = 0, with [|g(a)|]| < Cylal>. The graph is invariant for every isolated
bounded-time flow, not only for its period map. The reference-fixing rotation

(RyX)i(0) = e X;(0 — ¢)

is an isometry, commutes with the isolated equation, and obeys a(RyX) = e *%a(X),
PRy =RyPe, and g(e *?a) = Ryg(a). The isolated differentiated moment has the exact
local form

a=Xoa+N(@b),  IN(ab)] < Callal* +]al [b] + [1b]).

Here and below ||b]|? means (||b]|)2.

A nonconstant ancient orbit on that graph converges to X° as t — —oo. Its physical colour
continues for every finite positive time, with regular separated chord-arc interfaces. On
every fixed compact segment of this orbit the material contour operator is locally Lipschitz
in F on a fixed tube. The colour preserves its mass and L bound, so that its normalized
support radius is at most C(1 + ¢) for ¢ > 0. This last support bound may equivalently be
supplied by the transport velocity estimate in (H5).

For local source and receiver contours, after removal of the exact constant solid rotations,
the physical external fields satisfy the full contour norm estimates

1>i: CA Ty, 1<i: AP Dy, a =g

The constrained torus image fields gain a factor at most ¢%; the local self-image term is at
most C'A;q%x;. For a fourfold zero-circulation source interior to circular receiving interfaces,
with physical fourth moment B = [ #%w(x) dz, the unstable projection of its degree-four
velocity is exactly
6 ip b —p7!
D,B/R}, Dy=——"=#0.
8

The same coefficient evaluated on a perturbed receiver differs by at most C' times its full
leading field norm times x;. The exterior remainder starts at degree eight: its normalized
field is bounded by the source mass times its support radius to the eighth power, divided
by the receiving radius to the tenth power. Thus a source at scale ¢R; and with radius
Cq(1 + L)R; produces a remainder at most C4;,1¢'°(1 4+ L)®. These last two assertions,
including their £ norm, are part of the exact multipole input, rather than a consequence
of the ¢® upper bound alone.

Every transported colour has |lw||; < CAR?, ||wi|l, < CA;, and velocity at most CA;R;.
For an aggregate packet [ > k, use the material envelope

Pr(t) = | Dia(t), Poi(t) = | Dia(h).
1>k 1>k

These are unions of physical outer domains, not the support of a signed sum, which could
be smaller by cancellation. Put d(s) = rad(Px(t))/ Rk, s = Ax(t — T}). While the larger
colours are local and the packet is in their central constant-vorticity regions,

DTd(s) < C, + Crg®d(s)>.

Its initial radius is at most a fixed dy. If d(s) < Do(1 + s), its fourth moment is at most
CALRS(1+5)* and its full field on receiver j = k— 1, divided by A;, is at most Cpq®(1+5)2.
The same weighted bound on the inactive system is at most Cp¢®(1 + s)*/D. Here C,
depends on the fixed Dg, not on the depth. The moment, exterior-remainder, and image
bounds also apply to arbitrary spent packets. No boundary norm of a spent packet is
asserted.



(H6) For each finite stack a common bounded-vorticity transport solution exists. The initially
nested domains retain their inclusions and fourfold symmetry. Each currently followed
contour is an E mild solution whenever its self interfaces remain in the local reference
chart or the compact canonical tube and the other colours are separated from that contour.
Local continuation holds under a strict tube and separation margin. Larger local colours
contain a fixed central disk B, g,. In that disk, after the constant rotation is subtracted,
their harmonic velocities are cubic with bounded coefficients. The same cubic assertion
with a constant Cg applies inside the central hole of a compact regular canonical source
tube.

The strength C? in (H2) cannot be replaced here by continuity and g(a) = O(a?). Those two facts
alone do not prove the flattened map estimate used below. The contour comparison assumption on
compact trajectories in (H3) likewise cannot be inferred from analyticity only near circles.

Set
A=A Ri=q', 4<B<5, L=log(l/q)>1, &=4¢"

The deepest colour starts on one fixed ancient orbit at normalized time —Sy; every other colour
starts circular. Physical time starts at ¢ = 0. Its initialization is not an O(e) perturbation.

Theorem 1. Under inputs (H1)-(HG), one can fix a good € [4,5], constants D, Dy, K, a cap
0 > 0, windows S, Sy, and then q > 0, all independently of the finite depth N, so that the deepest
source reaches its first cap, and thereafter every receiver j = N — 1,...,1 reaches its first cap
laj| = 8. If Ty is the completed incoming cap and 6 = A;(t — Ty), the recipient’s first ¢> crossing
lies in [3L/o — C,3L/o + C], and its cap occurs by TL/o + C < 9L/o. Throughout that stage its
weighted inactive prefiz is at most K&/2 and its packet radius is at most Do(1 + 56)/2. At its cap
the flattened error satisfies

b — g(a;)|| < C¥ 71+ L) =0(1), 0<n<o/32.

For each colour used as an incoming source, k > 2, every fixed preceding and following source
window converges to a rotated canonical source window. The actual signed recipient seed has size at
least cse after the fived incoming window and before the first ¢> crossing. All constants are uniform
in j,N.

The proof is organized so that the signed estimate is used only after all non-amplitude exits in the
recipient’s first phase are excluded. The source’s preceding cap is already completed by descending
induction.

2 A causal bounded-time forced map lemma

Choose nested local neighbourhoods Uy € Uj so every isolated orbit from Uy exists in Uy for |r| < P,
where P = 107. This is possible by the mild local existence theorem and bounded-time Grénwall
around the stationary state. All chart derivatives and Lipschitz constants below are bounded on
U;.

Lemma 1. Let h,u solve respectively the forced and unforced mild equations on [t,t 4 r], with
0 <r <P, inUy. For strongly measurable f € L'([t,t +r]; E),

I +) — e+ Dl < o8 (I =@l + [ 15 o).

The same assertion holds backwards on an existing interval. If ®,. is the isolated endpoint map and
X 1s either the raw chart (a,b) or the flattened chart (a,y) = (a,b — g(a)), then

X(h(t+7)) = (x@rx ) (x(h(t) + & &l < C/tm £} dv.

These estimates involve only forcing on the interval actually completed.



Proof. Subtract the two mild equations. Since G is an isometry and N has Lipschitz constant K
on Uy,

[Pt +v) = u(t + o) || < [[h(t) — u@)] +/Ov{Ko [Pt + w) — u(t +w)|| + |f(t + w)|[} dw.

Integral Gronwall gives the displayed bound. Reversing time uses the same isometric group G(—v).
Applying the Lipschitz chart only to the endpoints proves the second assertion. It includes the
change of g(a) caused by the force; no derivative of the unbounded label generator through that
graph is used. O

Differentiating the mild fixed point with respect to its initial state once and twice gives uniformly
bounded derivatives of @, for |r| < P: the variational equations have bounded coefficients DN (h)
and D2N(h) and the isometric group, so Grénwall bounds both variations. Thus ®, is uniformly
C?. At the origin its derivative is S(r). Since P. commutes with this group, the complementary
derivative has no unstable-to-complementary term.

Lemma 2. For every 0 < r < P, uniformly on the chosen local chart,
b(t +7) = Se(r)b(t) + Rr(alt), b(t)) + Ebt.rs

1By (a, b)| < Clal? + [al BI] + |b]%),
y(t +7) = Se(r)y(t) + Ry r(a(t), y(t) + &y .

t+r
IRy (a9) | < Clal + lyl) Iyl N&serll + 1€y.enll SC/t IfII dv.

Moreover ||y(t +r)| < C ly@)ll +C [ |If]I

Proof. The raw remainder is the second-order Taylor remainder of the C? endpoint map in the raw
chart. The flattened endpoint fixes y = 0 because the isolated graph is continuously invariant. If
its complementary component is ¥,.(a,y), then ¥,(a,0) = 0 and Dy,V,(0,0) = S.(r). Integrating
Dy V¥, along the segment from 0 to y and using the bounded second derivatives proves the flattened
remainder. Apply Lemma 1 for the forcing error. For the last assertion, compare with the isolated
graph trajectory starting at H(a(t),g(a(t))). Its initial distance from the actual state is at most
C'|ly(t)||; it remains on the graph, and the flattened chart is Lipschitz. O

At complete periods M. = S.(P) satisfies |M?| < C(1 4+ n). Iterating the raw or flattened
recurrence is therefore an ordinary discrete Duhamel estimate with a genuine L} E forcing error.
Lemma 2 handles the last incomplete period and supplies causal interpolation without a spurious
linear |a| contribution to b.

The differentiated moment is legitimate for mild material solutions. Undo the label translations. In
the physical material equation, the embedding is absolutely continuous in £ on compact intervals
and its velocity is V(X) + f. Differentiate the C! moment functional there and restore the labels.
Relabeling invariance gives

a = Da(X)[V(X)+ f] almost everywhere.

This does not assert that AX is an F-valued vector. Spatial rotating-frame terms are computed
by a — e %%q. The same proof of Lemma 1, on finitely many local Lipschitz neighbourhoods,
compares a forced trajectory to any fixed compact regular canonical trajectory, with constants
depending on that trajectory and window.



3 Frames and the canonical bilateral seed

The larger-colour reference rotation for receiver j is Q¢ = —(1/5)3,; A;. For k = j + 1,
Qext = Q?Xt — A;/5. Passing from receiver native axes to source native axes adds Ry, in receiver
time 6§ and changes its moment exponent to

A=oc+ir —4i/b=0—1i/2.

The complementary norm is unchanged. Because P/5 = 2, this additional action is the identity
over a receiver period; the same period map estimates apply. For a partial period it is an isometry.
More precisely the incoming-frame subperiod derivative is S2*(r) = R, /55.(r), and its raw and
flattened maps are the maps of Lemma 2 followed by R,./5. Equivariance of g makes their remainders
and force-error norms unchanged. Thus one need not incorrectly identify the two subperiod maps
themselves. In source time s = 6 the exponent is zg = A\/3. The force is divided by  under this
time change, so its integrated norm is preserved. The torus image is included in the forcing, rather
than treated as rotation equivariant.

Fix a small canonical cap |a| = &, with cap time zero. On the graph, @ = Aga + O(|a|?). For
sufficiently small reference caps,

d
oolal < Zlal < (0 +Co)al, 70 =30/4

throughout its local ancient part. In particular |a(t)| < e for ¢+ < 0. It never vanishes. The
scalar coefficient a/a — A\g = O(|al) is integrable backwards; integrating it shows

a(t) = a-eM'(1+0(e™)),  a- #0.

The nonzero constant follows explicitly by exponentiating the convergent integral from any fixed
nonzero a(ty).

The physical fourth moment is
B.(t) = 20[—p°Q1(t) + p*Qa(t)] = b_e™" + O(el7T70)"),

where b_ = 27(—p® — ip3)a_ # 0 because the growing normal vector is (1, —ip). This vector and
its left dual are part of the full spectral input. On positive times, | B, ()| < C(1 + t)* by mass and
support.

Lemma 3. The bilateral transform
F(z) = / e "' B,(t) dt, 0 <Rez <o,
R

is holomorphic and not identically zero. There is 8 € [4,5] for which F(z3) # 0. Shrinking the cap
by ancient time translation preserves this nonvanishing, and |Fs(zg)| < 6'/7.

Proof. On every compact substrip the negative exponential and positive polynomial bounds provide
an integrable majorant also after any fixed number of z derivatives. They prove holomorphy by
differentiation under the integral. For 0 < ¢ < o, e B, (t) is a nonzero L'(R) function. If F
were identically zero, its Fourier transform on the line ¢ 4 ¢{R would vanish. Fourier uniqueness
can be seen without an inversion hypothesis: convolve the function with Gaussians, whose Fourier
inversion is valid and whose transforms never vanish; each convolution is zero, and the Gaussian
approximate identity converges in L!. This contradicts the nonzero ancient asymptotic. The points
zg form a nonconstant line segment inside the strip. If all were zeros, the identity theorem would
make F' identically zero.

Let ts — —oo be the old orbit time at the smaller cap. The new orbit is Bs(t) = B.(t + t5), so
a change of variable gives Fj5(z) = €' F(z). The ancient asymptotic gives § < €% proving the
magnitude assertion. O



Fix such a 8 and, after the final cap has been chosen, define
co = |DaF(25)| > 0.

The whole bilateral integral is used. B (t) need not have any pointwise sign or phase condition for
positive time.

4 The depth-independent inactive estimate

In a stage with receiver j and source k = j + 1, put

0= A;(t—Ty), s=£0, H=9L/o, w;=(De)’™", 1;(0) :m<axaf:i(0)/wi.
i<j

For j =1, I; =0. Fix D > § and eventually De < 1. At the completed incoming cap the induction
data are
I;(0) < DK e, zj(0) < DKoe, d(0) < dp.

All preceding stage clocks and pointwise prefixes are also part of the induction data; norms at time
zero alone do not determine the signed seed.

Lemma 4. Choose 0 < n < 0/32. One can choose D, a fized o, < 0/2, and then sufficiently small
q, so that on a stopped interval with I; < 2K9, all inactive colours local, and the packet radius and
separation barriers,

I;(0) < Cue®®1;(0) + C /00 0z (0) +e(1+v)Ydv, 0<v<a<a.
Here v = (0 +n)/B. The current normalized feedback and its discounted integral satisfy
1 Fout (0)|] < CDg*I;(9),
¢ /00 e 7 (v) dv < O®[I;(0) + €] + O¢® /00 e 7z;(v) dv.
All constants are independent of the number of inactive rows.

Proof. For an inactive receiver ¢ < j and inner inactive source | = ¢ + d < j, its coeflicient in
receiver time 6, after weights, is

Al gqwi A; d
—q°*— = —(B/D)".
qu w;  Aj (8/D)
For an outer source [ =7 — d it is
Al 5w A; 8 ) ond
—q*— ="—(D .
qu w; Aj( a'/P)

The weighted current-source coefficient is D=0~ < 1/D. Since A;/A; < 1/ and w; < De, the
isolated quadratic remainder divided by w; is at most 2CDKdel; /. Add image rows and the
packet input. The maximum of the finite mild inequalities therefore obeys

I;(0) < M,e"’1;(0)
6
42, [ (D, (0) + Clay(v) +£(1+0)")/D) o,

B Dqg 8
2DK .
D—ﬁ+5—Dq8+Q+ oe

r(D,q) < g




This takes a maximum of inequalities; it does not sum their number. Multiply by e~*? and apply

scalar integral Grénwall. The result has o = v 4+ Myr(D, q). Choose D sufficiently large to make
v+ M,r(D,0) < a. < /2, then choose ¢ with D¢® < 3/2 and a < a..

Feedback from i = j — d has coefficient (A;/A;)¢*w; = (Dq¢®/8)?. Summing this geometric row
proves its bound. Insert the Volterra estimate into its discounted integral. Tonelli applied to
nonnegative majorants gives, for v < 0,

0
/ e %) duy < e (0 — ).

v
The discounted polynomial is integrable, proving the final estimate. ]
Lemma 5. Suppose at a stopped current time 0 < H, for every v <0,
2 (v) < Cpla(@)]e™7°0=Y) 4 Ce(1 + L)'2, oo = 30 /4.
Then
I;(0) < Cprla(0)] 4 Creme(1 + L)1,
Cpr depends only on the fized Cy, Cy, 00, s, not on K,C, or later window constants. If K > 4C,
and |a| <6, sufficiently small g improves the prefix to I; < Kd/2.

Proof. Insert the displayed bound into Lemma 4. The above-noise integral is bounded by
CwCyla(0)|/(oco — aw). The initial term and the noise term have the claimed form. The packet
term has this form because a > v > 0 and [;° e ¥(1 4 v)* dv < co. Finally

6(1+L)12€aH < q6—9a*/0(1+L)12 -0,

since a, < /2. Choose ¢ so its fixed multiple is at most K /4. The amplitude term is at most the
other K¢/4. O

5 Before ¢°: raw centre, upper amplitude, and actual errors

Choose Dy > 4(dg + C,) before choosing K. On a packet stop d(s) < Do(1+ s) and s < SH, the
Dini inequality integrates to

C 2D3
d(s) < do + Cys + %[(1 +s)t 1],

For small ¢, division by 1+ s improves its bound to Dg/2, because ¢?(1 + BH)? — 0. Choosing
also ¢Do(1 4+ BH) < 1p1/2 improves separation. This argument is independent of a signed seed.

While I; < 2K, x; is local, and these packet barriers hold, the full force in receiver time is
IF;(0)]| < Cpe(1+6)* + CDG () + Cq’;(8) < Fue(1+ L)™. (1)

F, is fixed after the displayed constants, because ¢®/c = ¢*.

Stop the first phase at the first |a| = ¢3, ||b]| = 2Be(1 + L)®, I; = 2K, packet or separation
departure, local chart departure, or = H. Before this first event |a|? < . Tterate Lemma 2 over
at most C'L complete periods and use >, -7 (1 +m) < C(1 + L)%. The last incomplete period is
handled by the same lemma. It gives B

16]] < Cye(1 4+ L)® + Cyg®(1 + L)2(2Be(1 + L)®) + Cy(1 + L)?(2Be(1 + L)%)2.

The first term includes the inherited O(¢) centre, the a? remainder, and the integrated force. Choose
B > 4Cy; then small ¢ makes the other two terms at most Be(1 + L)®/2. Consequently

1b(9)]| < Be(1+ L)°. (2)



This proves the centre bound on the current stopped interval without a source sign or a future
recipient cap.

In incoming axes the exact moment equation is
ag = Aa+ N(a,b) + F,(0), A=o—1i/2.

The current circular leading packet force is bounded by a discounted polynomial. Moving the
receiver contours introduces at most Ce(1 + 0)*(|a| + ||b]|), plus the smaller multipoles. Use the
weighted feedback estimate with x; < Cep(lal + [|b]]) and put U(6) = e~??|a(6)|. The centre square
is an additive term at most Ce?(1 + L)'2, and

¢ /09 e 7L (v)dv < Og®e(1+ L)% + C¢® /09 U(v) dv.
Scalar Duhamel therefore gives
U(9) < Cue + Clg® + Be(1+ L)% + ¢* + (1 + L)"] /06 U(v) dv.
The coefficient times H tends to zero. Gronwall proves

la(0)| < Cyee®. (3)

In particular the first ¢% crossing cannot occur before 3L/o — C. Fixed outgoing source windows
will thus be available once non-amplitude recipient exits are excluded.

Choose a, = Cye(1 + L)'? with fixed C, > 1. When a, < |a| < ¢, equations (1) and (2) give

N F, N
|m‘ < C[¢* + Be(1 + L) + B%¢/C,], ’|a"i‘ < (F,/C)(1+L)™8,
They tend to zero. Thus, for small g,
d
—glal = oolal,  a. <o <¢*. (4)

The crossing of a, is one-way: a first downward return would contradict this strict lower derivative
near that level. If the current amplitude is below a,, no earlier amplitude exceeded it. If it is above,
every preceding above-noise amplitude is at most its current value times e=?°(=?) Below noise the
contour norm is Cpe(1 + L)2; above noise [|b]| /|a] < (B/Cy)(1+ L)7%, so ; < Cylal for a fixed
C, chosen before B. This proves the hypothesis of Lemma 5 at every current time.

Choose K > 4Cy,. That lemma strictly improves the prefix; the packet bound already improves;
and z; < Cen(¢® + Be(1 + L)®) < r,/2 for small ¢, while z; < K§(De)?~"/2 < r,/2 for inactive
colours. All non-amplitude first-phase exits are excluded. This is the point at which a fixed outgoing
source window may be invoked.

For later use, keep the complex interaction-picture coefficient. Before the first ¢ crossing, current
recipient remainders satisfy the following explicit discounted bounds:

/09 e %0a*dv < Ceq®(1+ L), 5
/00 e=(la| b + |I]|?) dv < C2(1 + L)*3,
/06 e 7 || Fou|| dv < ngg(l + L)7,
/00 e 7e(1 4 v)'a;(v)] dv < Cleg® + €2(1 + L)'2,

0
/ ¢~ || Fumagell dv < Ceq®(1 + L)',
0



For the first line use |a| < ¢ and (3), rather than integrating the exponentially growing upper
bound squared up to an unspecified time. For the second use (2) and (3); the centre square has
a bounded discounted integral. For feedback use Lemma 4. The remaining lines follow from the
moving-contour and image inputs. Each is o(); their sum is at most C(q¢° + ¢'2 + ¢'4)(1 + L)?°.

6 The entire actual source pulse and its negative history

We now prove the signed seed; we do not impose it as induction data. Fix incoming k = 7 + 1 with
its already completed cap Tj. Every earlier recipient stage m > k has a completed clock at most
9L/(0Ay), and the base initialization lasts (Sp + O(¢%))/An. Thus

93 9

< — T < ——— .
ATy, < U(ﬁ—l)L_'_CSO’ A]Tk_ 0(5_1)L+C50

Define
g5 =9/(8-1) <3.

On the actual past, the recipient discount is at most Cq™98, and the past has length at most
C(1+ L) in recipient units. This bound is uniform in depth. It is essential that the gain is ¢~%/(8=1),
not an unbounded gain depending on N.

Throughout that past the recipient j was inactive. The completed prefix estimates give x; < CDKe.
Every colour i < j has the stronger bound z; < CK4§(De) . Consequently the recipient’s own
nonlinear past contributes at most Cq'2795(1 + L) to its discounted coefficient. Its outer feedback
and self-image contribute at most C'q*479 (14 L)'2: the nearest outer contour has size O(£?) and its
outer interaction has an extra ¢?. The past moving-receiver correction is at most Cq'?795 (1 + L)!2
by z; = O(e) and the leading packet force O(e(1 + L)*). These quantities are o(e). The past
inner packet’s torus image field is O(e¢®(1 + L)*) before discount, and hence contributes at most
Cq'4795(1 4 L)'? after the actual-history gain. It is included in the same o(e) image remainder.

There is a depth-uniform bound on the support of the deeper packet [ > k before T}: in source
units it is at most Cq(1 + L). Indeed at a preceding stage with current index m > k + 1, its local
current source has radius at most C'R,,, and its aggregate packet has radius at most C'(1+ L)Ry+1.
Since R;, < Rjy1, their union has radius at most C(1 + L)Rg41. The same statement holds at
base initialization. After the cap of k + 1 and during receipt by k, it is the confined packet. This
covers the whole past interval, without adding one support constant per stage. Its normalized
fourth moment is therefore at most Cq°(1 4 L)*, by its mass CAg1 R7_ ;.

For a non-base source k < N, the first-phase noise estimate and the post-¢® estimate proved in the
next section concatenate to give, relative to its completed cap at source time s = 0,

xp(s) < C6e°% + Ce(1+ L)'2 s <0. (6)

To avoid a logical cycle, that post-¢> estimate is applied only to the preceding completed source
stage, not to the current recipient. Here is the partition of its whole actual past. On the completed
receiving stage for k, below-noise times have z < Ce(1+L)*2. Above-noise first-phase times and all
second-phase times satisfy z; < C;|ag|, and their concatenated radial rate is at least 0. Integrating
that rate backwards from the completed amplitude & gives |ay(t)| < de704r(=Tk) at every such time.
Before that receiving stage, the actual history is the base interval and the finitely many completed
stages with current index m > k 4 1. Their pointwise prefixes give z(t) < K§(De)™ % < DK ¢;
the base prefix gives the identical assertion with m = N. This covers every physical time 0 < ¢ < Ty,
and proves (6) on the entire actual negative interval, including the times before k first began to
receive a pulse.

The source’s below-noise term and the deeper packet thus contribute at most

Cq®9 (1 + L)' = o(1) (7)



to the source transform before s = 0. Its above-noise negative tail before —S contributes at most
-S
&) / ¢@0=0/9)3 45 < Cge=(@0=0/P)S.
—0o0

This does not assume a cap yet to be reached: T} is completed.

For the actual positive pulse, aggregate support gives, for every available stopped recipient time
with s > S,

56 B [
/ e‘”s/‘*% ds < 0/ e /B(1 4+ s)tds < Ce %81 + S)4. (8)
s AR} S

The last constant is finite and uniform for the fixed 8. It follows, for example, by substituting
s =S +u and expanding (1 + S + u)%. This is a bound for the actual full aggregate pulse; it does
not compare it to the canonical trajectory at large times.

Lemma 6. For each completed non-base source cap, and on the next recipient’s first-phase interval,
every fized window [—S,S] is available and

sz(Tk + S/Ak)

o e €M Bus)| <r(e), () < Csg® M1+ )P 0.
[s|<S kL

Moments here are taken in the source’s native rotating azes, whose angle is fixed at its actual cap.
For the base source the same assertion has error 05750’5(]8.

Proof for a non-base source. Its completed cap has flattened error at most Cg8—57/ 9(1+ L)S. The
inverse chart puts it that close in the full material norm to the graph point with the same a.
SO(2) equivariance identifies that graph point with a rotated canonical cap, because the group acts
transitively on |a| = . The upper radial bound in the completed source stage puts its fixed negative
window after its ¢® crossing for small q. Its forcing on that window is O(e(1 + L)*). Backwards
compact comparison from the completed cap proves the negative-window assertion.

For the positive half, (3) and (2) give z; < Ce(1 + L)% on 0 < s < S, so the current receiver’s
nonradial field on source k is O(¢®(1 + L)%); inactive rows are smaller. The regular torus image on
a compact source tube is O(qg), using constrained mass and moments. A separate support stop is
needed for the deeper packet since source k may leave its near-circle chart. Write

e(s) = rad(P>k(Tk + s/Ap)) /Ry, €(0) < Cag(1 + L).

The regular canonical trajectory on [0,S] has a positive central hole and a compact chord-arc
tube with the same property. To justify this geometric fact, its common fourfold transport
homeomorphism fixes the origin, which started strictly inside both domains; it therefore keeps the
origin strictly inside them. Every regular interface on this compact interval has positive origin
distance. Joint continuity of the embeddings in time and label, and compactness of the interval
and label circle, make the minimum distance positive. A sufficiently small F tube retains half that
distance and positive chord-arc and cross-interface separation margins. Inside this hole the constant
rotation is removed; the remaining field is cubic with coefficient C's. Larger local colours satisfy
the same cubic bound. Summed self velocities of the deeper colours give C'8q. Hence, on that tube
and before any coupled exit,

D7e(s) < CBq+ Cse(s)®.

Stop with e(s) < 4Cyq(1 + L + Bs), enlarging fixed Cy once to include the linear velocity. Its cubic
increment is at most Csq3(1+ L+ 35)3S = o(q(1+ L)). It improves the bound to 2C4q(1+ L+ Bs),
which is inside one quarter of the canonical hole for small q. Deep mass O(AkR%ﬁf) now gives
moment and full contour field O(¢%(1 + L)*) on the source.
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Start a simultaneous stop at compact source-tube departure, central hole loss, the displayed deep-
radius barrier, or s = S. The forcing just bounded, together with the completed cap error, tends to
zero. Compact bounded-time comparison improves the source tube and hole margins strictly. The
deep support improvement was independent of that comparison. Thus none of these stops can fail
first. The moment is Lipschitz on the compact tube and the deep packet moment is O(¢5(1 + L)%),
yielding the asserted error. The current recipient cannot reach ¢ before 3L/o — C > S/, by (3);
all its other first-phase exits were already excluded. O

Choose S once the final cap and ¢y are fixed, so the actual and canonical positive tails and the
above-noise negative tails are less than co/(100(1 + |D4|)). For the base source choose in addition
So > S + 1 so its omitted canonical past before —Sy has that same bound. The window lemma,
and (7) then give, for every available 30 > S before the recipient reaches ¢,

8o .
|D4/ e “P°Bx>i(s)ds — ewﬁ’ﬂD4F(Zﬁ) < ¢o/10 4+ Csr(q) + Cq® 9 (1 + L)'3. (9)
— ATy,

Here B>}, is the actual aggregate moment in the source native rotating axes, divided by AkRg.
The proof partitions the actual integral into its actual past tail, its fixed window, and its actual
future tail. It neither extends an actual trajectory to an unknown future cap nor replaces its whole
trajectory by the canonical orbit.

The recipient’s exact initial moment is zero at physical time zero, because it was initialized circular.
Integrating its moment equation from that actual initial time, in incoming axes, gives
80
e a(0) = eD, / =285 By(s) ds + &(6). (10)
— ATy -

The factor § in the receiver-time leading force Se DyB>(56) cancels in the change of integration
variable. The inherited a(0) at the source cap is included in this exact past integral. Merely
assuming a(0) = O(g) with no history would not justify a lower bound; that free complex number
could cancel the seed.

The higher exterior harmonics contribute at most Cq'%795(1 + L)'3 on the actual negative history
and Cq'°(1 + L)® on the positive side, by the exact degree-eight remainder input. Their fourth-
moment projection on imperfect contours is bounded by the full field, so this estimate is safely
crude. Combine these with the recipient’s past remainder estimates and (5). Uniformly before the
first ¢® crossing,

[€;(0)] < C{q"*7% +¢"797}(1 + L)"°
_l_quO—gﬁ(l +L)13 +C’(q9 _|_q12 +q14)(1 +L)20
<Clg"+¢" + 4 + ")+ L) = oe).

In the last line use gg < 3. The additional source-past noise error in (9), after multiplication by e,
is O(¢'?792(1 4+ L)'3) and belongs to this same bound.

Equations (9)—(10) therefore give, for small ¢ and all such current times,
le=a(8)] > (co/2)e =: cse, 0>0,=>5/5. (11)

The phase e'?* is arbitrary and harmless, because it is a single phase multiplying the whole nonzero
bilateral transform.

7 The post-¢® reset and the ordered first-exit argument

The first-phase strict improvements and (11) already imply existence of a first ¢® crossing § = 7:
if it had not occurred by [3L + log(2/c;)]/o < H, the signed inequality would give |a| > 2¢3, a
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contradiction. Thus
3L/jc —C <17<3LJ/o+C.

At that crossing ||y(7)|| < (B + Cy)e(1 + L)8. This establishes the first-phase endpoint before the
second phase is introduced.

Put u =60 — 7 and ¢ = 20/3. In phase two retain the prefix, packet, separation and local barriers.
Add the stops

lal =6, |lyll = 2Ye(1 4+ L)%™, |a| < ¢’e™, 0= H.
The growth stop means a first downward violation for u > 0; equality at the restart does not stop
the phase. We prove a strict radial improvement at that restart and thereafter.

Choose g with 2Ye(1+ L)%e2" < §. On the stopped phase, |a|, ||y|| < 6. At periods counted from 7,
the flattened recurrence has remainder at most 2Cg6 ||y||, and forcing error at most PC Fie(1+L)*.
Use || M?|| < Cpe™P | multiply the Duhamel sum by e~"™¥ | and sum the forcing geometric series.
This yields

e Jlynll < Cylllyoll + (1 + L) + ryd D €™ iy, |l -

r<n

Choose the cap earlier with x,6 < 1nP/2. The elementary discrete Grénwall estimate follows by
induction from Z, < A+ k)., Z,, which implies Z,, < A(1+ k)" < AeF™. Together with the
uniform last-subperiod comparison it gives

ly(w)ll < Cye(1 + L)%™/,
Choose Y > 2Cy, including the initial value and the interpolation constant. Then
ly(uw)|| < Ye(1+ L)%e*™, (12)

a strict half-size improvement of the stated stop.
On the weaker growth barrier,

[ Fal
lal

Iyl <2V (1 + L)Se (@2,

al < Fg3(1+ L)%
a

Since b = g(a) + y, the exact moment remainder obeys |[N|/|a] < C§ + Cy¢*(1 + L)®. Choose the
cap with Cd < ¢/8, then small ¢ so that the total remainder and force ratio is below o /4. At every
current time in this stopped phase,

d d
%M > oplal > alal, @log la| < o4 Craad +C(q), (@) <CFPA+L)° —0. (13)

These are almost-everywhere inequalities for an absolutely continuous amplitude. Integrating the
first proves a nonempty initial growth interval and excludes every later downward growth exit.

Below noise in phase one the norm is Cp,e(1 + L)!2; above noise it is Cy|a|. In phase two, graph
quadraticity and the small y/a ratio give the same Cy|al, after the cap was chosen small. The radial
rates concatenate. Therefore at each stopped current time in phase two, every earlier above-noise
amplitude is bounded by its current amplitude times e=0(0=) "and the below-noise contribution
has the stated uniform noise bound. Lemma 5 strictly improves the prefix again. The independent
packet improvement persists. The local norms are strictly smaller than their local margin because

Cen (8 + Cy6%) + Cap2Ye(1 + L)%™ < 1, /2,

and inactive contours have the additional weight De. All non-amplitude second-phase exits are
now excluded.

Integrating the lower radial inequality shows that the cap must occur within

Ucap < 07 ' l0g(3/q°) < 4LJo +C
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of 7. Hence it occurs by 7L/o + C < H, excluding the deadline. Only after existence of that cap
has been established do we integrate the upper radial bound to obtain

3L +logd
cap = > cL.
Heap 0+ Craqd + C(Q) ‘

Thus every fixed backward cap window is contained in this completed second phase for small ¢. At
the actual cap, (12) gives

sl < Ca(1 -+ L) ETE0) < P50/ (1 4 L) = o).

This is the weak reset needed for the next fixed-window comparison; no long-time canonical
shadowing has been asserted.

8 The deepest fixed ancient source: a separate base

The deepest source starts at a fixed ancient time —Sy on the canonical orbit. As ¢ | 0 its nonzero
initial amplitude is fixed, and can exceed ¢>. Neither the raw-centre bootstrap nor the above-noise
first phase is applied to this source.

Choose a fixed small forward time rp > 0, independent of the final cap and windows, on which the
graph orbit remains local and its radial derivative is at least og|a|. The graph and inverse chart
yield a cap-independent constant Cj,y. such that

w*(s) < Cancde?, s < 1y,

with the fixed forward factor included in C,,.. This constant is distinct from the later raw-centre
bootstrap constant. Use deepest time s = Ayt — Sp, and weights w; = (De)V % for i < N. All
outer colours start circular, so Iny(—Sp) = 0. The same weighted row computation as before gives

s

C
In(s) < = e (=) g (v) dw, 0<ap<o/2 (14)
D J_g,
on its stopped local prefix, with constants independent of Sy, N. Feedback into the deepest source,
including its self-image, is
17 ()l < CaPln(s) + DIn(s)). (15)

Choose K before 6,5, Sy, large enough for the recipient prefix bound and for four times C(Cypnc +
1)e?°™ /[D(o¢ — 0/2)]. Stop the base at first source-local-tube departure, Iy = 2K, first cap, or
s = 1. Its force is O(q®5). Compare from the identical initial state at —Sp over the fixed interval
using Lemma 1. It gives

sup [ X (5) — Xa(s)]| < Cy 504"

The possibly large constant constrains ¢, not K. Choose ¢ so this error is less than the fixed tube
margin and than §e~?0%. Then the causal envelope x(s) < (Canc + 1)6€7* holds on the stop.
Insert it in (14); since og — o > 09 — 0 /2 > 0, it improves the prefix to K§/2. The source local
tube also improves by comparison.

The canonical cap is transverse: its radial derivative at zero is at least 0gd. The exact bounded
moment functional and the comparison imply convergence of the actual moment and its moment
derivative near zero, by (15). Choose a fixed short interval around zero where the canonical radial
derivative is > ¢d. The actual derivative is > ¢d/2 for small . On the earlier compact interval
[—So, —7], ancient monotonicity gives a positive fixed gap below the cap. Thus the intermediate
value theorem and the derivative lower bound establish its unique first cap at

Tn = (So + ¢n)/An, [Cn] < Csp,56°, lyn (Tw)|| < Csy.604°.
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The source’s first cap precedes s = rp; no stopped exit failed first. The time estimate follows by
dividing its O(6¢®) amplitude error by the fixed ¢d radial derivative.

We next prove its outgoing fixed source window directly. Recenter at the completed cap and choose
the compact canonical tube on [0, S + 1]. Its source support is CgRy. Far-field mass and support
bounds give a weighted source term Cs/D in the outer equations, even if the source is no longer
close to a circle. The causal estimate is
Cg [* _
IN(Ty + s/AN) < Ce™*K§ + Dy e (57) dy.

Let Mg be twice a fixed upper bound for this expression on [0,.S + 1], allowing a, < 0/2. Stop at
Iy = 2Mg, an outer local departure, source compact-tube departure, or s = S 4+ 1. Choose ¢ after
Mg so that DeMyg is in the outer chart and Cgq < rp1/2. Weighted nonlinear rows are then small.
The preceding bound improves the prefix to Mg, and source feedback is || f||y < Csq®(1 + DMg).
Compact comparison from the completed cap strictly improves its source tube. Thus the outgoing
interval exists, independently of any later recipient cap, and its full source error is Og g, s (¢®).

The negative window is already present because Sy > S + 1 and (x| = O(¢®). Backwards compact
comparison from the completed cap gives the same error there. Moment Lipschitz continuity proves
the base case of Lemma 6. In particular,

S ) S
/ e By(s)ds = €N / e *°B,(s) ds + Og,50,5(¢%).
—So—CN —So

The omitted canonical past is controlled by the fixed choice of Sy, and the seed comparison error is
0(¢°¢®) = O(¢").

Mg is deliberately different from KJ. No statement says the spent deepest source retains the
universal cap prefix throughout its outgoing window. At its cap the stronger universal prefix holds;
through the outgoing window the reindexed next recipient still has norm O(DeMg) = O(e). One
must not enlarge K afterwards to dominate Mg/é: doing so would destroy the stated choice order
and can create a cap-window circularity.

9 Reindexing, finite choices, and closure of the induction

At a completed ordinary cap T}, the new weights for receiver j — 1 differ by exactly De. Hence
Ij—l(Tj> S DEIj(Tj) S DK(5€/2, xj_l(Tj) S DK(SE/Q

The already spent packet has radius O(¢(1 + L)R;). Adding newly capped colour j produces a
packet of radius at most a fixed doR;, for sufficiently small q. The new recipient therefore has
inherited norm O(e) with no growing power of L. The reset supplies a fresh fixed-window error; it
does not multiply the previous source’s window error by a stage-dependent constant. Its proof used
only current mass, support, weighted prefix, and forcing bounds.

The descending induction now has an ordered logical structure:

1. The base comparison proves the deepest cap and its outgoing window, with universal cap
prefix and separate outgoing constant.

2. The inherited local data permit the next recipient’s stopped first phase. Raw centre, upper
amplitude, current-time growth above noise, prefix improvement, packet and separation
improvements exclude all non-amplitude exits independently of the signed seed.

3. The source cap is completed. Its past envelope, reset, and outgoing compact-tube comparison
provide the actual whole pulse. The exact initialization at physical time zero gives the seed
identity, and the entire discounted remainder is o(e). This proves the signed seed and forces
the first ¢ crossing.
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4. The flattened second-phase recurrence, with the weaker radial barrier, gives the stronger
radial derivative, improved prefix and separation, and then the recipient cap. Only after that
cap exists is its backward fixed window located and its new reset used.

5. Reindexing reproduces the next local data and packet radius.

At no point is the recipient’s future cap an input to an earlier prefix or source comparison. This
completes Theorem 1.

The first-exit statements use continuous quantities: the finite maximum I, the contour norm and
moment, and the support radius under the continuous transport homeomorphism. The support
radius is locally Lipschitz in time whenever the physical velocity is bounded; the supplied upper
Dini inequality therefore integrates in the usual scalar comparison sense. At a putative endpoint
of a strict tube and separation improvement, local contour continuation from (H6) extends the
currently followed contours, while the globally existing bounded-vorticity transport continues the
other colours. Thus an endpoint cannot be a loss of existence hidden behind the listed barriers.
For each fixed N only finitely many descending stages occur. The uniform estimates concern their
constants, rather than an unproved infinite-stage contour continuation theorem.

For clarity, the finite parameter order is as follows.

1. Fix cap-independent local analytic and chart constants, a small reference unstable orbit, and
its bilateral transform. Select a good 3 € [4, 5] by Lemma 3.

2. Choose 0 < n < ¢/32, then D and o, < /2. Fix the packet constant Dy from dy, C,. These
precede K because packet forcing constants can depend on Dy.

3. Fix C; from the inverse chart and graph, uniformly for all sufficiently small caps. Choose K
from the prefix lemma and the cap-independent ancient envelope needed for the base.

4. Shrink § by translating the same ancient orbit so that its local chart, radial, flattened-map,
and cap-tube inequalities hold. The transform remains nonzero. Fix ¢y > 0 for this final cap.

5. Choose S, then Sy > S + 1, to bound actual and canonical tails relative to ¢y. Fix compact-
tube and deep-radius constants. Choose Mg for the base outgoing window separately from
Ké. Fix B,C,,Y and their finite forcing and remainder constants.

6. Choose ¢ last to satisfy all strict inequalities.

There are finitely many fixed inequalities. Their vanishing factors are positive powers of ¢ times
fixed powers of 1 + L:
q2(1 +L)3, q3(1 4}[/)127 qﬁ—ga*/a'(l %>[/)127 q6—187]/0'(1 +L)6,
q6—8n/0(1 —|—L)20, q6_gﬁ(1+L)13, q10—g[3—6(1+L)20_
All exponents are positive because o, < 0/2, n < ¢/32, and gg < 3. Any additional fixed
requirement 8¢ < 1 or 8¢?/? < 1 can be imposed at this final step. The bounded-time constants

may grow with the fixed windows; they only constrain this one final choice of ¢. There is no
selection of ¢ depending on j or N.

10 Limits of the result and the hypothesis ledger

This reconstruction proves a conditional cascade, not the underlying analytic contour theorem,
full material spectrum, or eventual Euler compactness argument. The exact signed multipole
coefficient, degree-eight remainder, constrained torus image cancellation, and packet Dini estimate
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are explicit required inputs. A normal-only linear calculation cannot replace (H1); a bounded force
in the normal coordinate cannot replace the full E force used in Lemma 1. Analyticity near circles
cannot replace the compact-trajectory Lipschitz assumption used for the positive source window.
Conversely, this proof does not require any uniform norm of spent contours or a global regularity
assertion for every finite torus interface.

The uniform signed bound cannot follow from inherited norm bounds alone. An arbitrary admissible
O(e) complex inherited moment can cancel the canonical bilateral seed. The exact initialization
and actual negative history in (10) prevent that free cancellation and are therefore part of the
construction.

The separate source and hypothesis ledger identifies the supporting modules needed to turn this
conditional result into the proposed Euler construction. Every estimate proved in this text is a
deduction from that ledger; no prior audit or review verdict is used as evidence.
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