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Exact target. Let K(z) = (—x2,71)/(27|z|?). Given any finite signed Radon measure ug €
M(R?)N H~1(R?), with the inhomogeneous Sobolev space and no sign restriction, set ug = K * ig.
The requested conclusion is a global weak Euler solution

u € Cy([0,00); L2 (R?%; R?)), u(0) = wo, divu =0,
such that, at every t > 0,

w(t) = curlu(t) € M(R?), u(t) = K * p(t), sup [|pu(t)||py < oo (T < 00).
0<t<T
The velocity identity is precisely

/OT/RQ(u-é?ttp—I—(uQ@u):V(p)dxdt+/ up - p(0)dz = 0

R2
for all divergence-free ¢ € C°([0,T) x R?;R?). No global kinetic-energy assumption, compact
support, zero circulation, or energy inequality is added.

1 Initial normalization and a bounded Euler background

We use V- = (=0a,01), (Vv)i; = Oju;, (divS); = >, 958ij, and fle) = [e7@Ef(x)dx. The
multiplier of K is m(¢) = —ié /€)%

Lemma 1.1 (Canonical velocity and the physical-space decomposition). Let p € M N H~! and
M = ||p]| pq- The convolution K x i is defined almost everywhere, belongs to L2, and has divergence
zero and curl p. Fiz a nonnegative radial a € C°(Ba) of integral one. Set

vw=axp, oco=p—1vy, Vo=Kxvy v9=(K—K=xa)sxpu.
Then K * = Vo + v, vg € L'N L2, Vo e CoyNC™ is bounded, and
lvolly < CaM,  Nlwolly < Callpllg-15  [volly <M, ooy < 2M.

All derivatives of v belong to L' N L™, and every positive-order derivative of Vi belongs to L> N L>.



Proof. For a bounded ball B, sup, [ |K(x — y)|dx < oco; Tonelli gives the almost-everywhere
definition and local integrability. The kernel’s divergence, curl, and Fourier identities give the
distributional assertions. These identities extend from compactly supported to arbitrary finite
measures by truncation in total variation. Equivalently, m is locally integrable at frequency zero
and integrable against Schwartz functions, so uniform convergence of the Fourier transforms of the
truncated measures passes the formula to the limit.

For radial a, circulation gives

(K + a)(z) = K (2) / aly) dy.

ly[<|z|

Consequently L, = K — K * a vanishes outside B4 and has only the integrable |z|~! singularity
at zero. Thus L, € L' and Young’s inequality gives the L' estimate for vg. Evenness gives
|1 —a(¢)| < C,min(|¢]?,1); hence

L+ 1M —a(€)m(E)* < Ca.

Plancherel proves the L? estimate, using exactly the inhomogeneous hypothesis. The multipliers ma
and {“ma are integrable; for |o| > 1 the latter multipliers {%ma are also square integrable. Fourier
inversion and the Riemann—Lebesgue lemma give the assertions about Vj. The convolution identities
and remaining bounds follow by finite-measure convolution. In particular K*u = Vy+uvg € L120(:‘ O
External input E1, used only here. Crippa—Stefani, An elementary proof of existence and
uniqueness for the Euler flow in localized Yudovich spaces, Calc. Var. PDE 63, 168 (2024), Theo-
rem 3.3, with Assumptions 2.1 and 3.1 and Definition 3.2, https://link.springer.com/article/
10.1007/s00526-024-02750-4. The specialization used here supplies a global Lagrangian vortic-
ity solution for arbitrary signed L' N L> data on R?, with canonical Biot-Savart velocity almost
everywhere in time, bounded vorticity and velocity on finite horizons, a log-Lipschitz velocity mod-
ulus, and nonincreasing L' norm. Definition 3.2 includes the weak initial-value vorticity equation
and the Lagrangian pushforward representation almost everywhere in time. It does not require
compact support or finite global energy. The kernel hypotheses hold because |K(z2)| = (27|z|)~7!,
|K(z) — K(w)| = |z —w|/(27|z||w|), and div K = 0. The source is not being used as an unquoted
smoothness theorem.

Lemma 1.2 (Bounded background and its trace). The datum vg in Lemma 1.1 has a global bounded-
vorticity Buler evolution v, with velocity V = K x v and a pressure py, such that on each finite
horizon [0,T],

sup([v(®)lly + [ ()llee + IV Oloo + 1V (#)ll3) <00, V(E) = Vo € C([0, T7; L?).

Moreover ||V (t) — Voll, < t HVHL?‘} [voll5-

Proof. Apply E1, using its L' and L> bounds and canonical velocity. No smoothness upgrade is
needed in this construction. We first select an every-time representative. The log-Lipschitz modulus
is Osgood, so the flow and its inverse are unique, continuous, and have bounded displacement on
finite horizons. Mollify the velocity only in space by a probability kernel. The resulting smooth
divergence-free flows preserve Lebesgue measure by the Jacobian equation. Their uniform Osgood
modulus and uniform convergence of the velocities give convergence of flows and inverse flows
on compact time-space sets. For a compact continuous test, bounded displacement confines its


https://link.springer.com/article/10.1007/s00526-024-02750-4
https://link.springer.com/article/10.1007/s00526-024-02750-4

transported support to a fixed bounded set; dominated convergence passes volume preservation to
the original flow X;.

Define v(t) = vg o X; * at every time. It agrees with the source solution almost everywhere in
time and preserves the L', L%, and L™ norms. Approximating v in L' or L? by compact smooth
functions and using volume preservation and continuity of the inverse flow gives v € C; L' N C;L2.
Set V(t) = K % v(t) at every time. It agrees with the source velocity almost everywhere, so its
equation is unchanged. For f = v/(t) — v(s) the near—far bound | K * f|| ., < 7| fll. + 7)1 £l
shows continuity of V' in L*° by choosing r small and then ¢ — s small. Thus this representative has
the canonical initial velocity and continuous positive-time local velocity pairings.

The Biot—Savart near—far split also bounds the velocity:

Ve < C(rllvle +r7 lvly)  (r>0).

Thus Vv belongs to both L' and L? uniformly on finite horizons.
For completeness, K * i for any finite measure satisfies

K * ul > A} < O lull3 272

Indeed split K at radius r = [|u|| v, /(7A); the far part has supremum at most \/2, and the near
part has L' norm at most Cr ||u|| 4. Chebyshev proves the bound. Combining it with boundedness
of V and layer cake gives V|3 < C||v|? |V ...

Integrate the vorticity equation:

t
v(t) — vy = —div Fy, F, = / V(s)v(s)ds € L' N L2
0

The Fourier multiplier of — K «div has operator norm at most one, yielding V' (t) — Vo = —K xdiv F}
and the stated estimate and continuity. Likewise 0;V,VV € L{°L% The same argument between
any two times gives |V (t) — V(s)||, < Crlt — s|. With By = sup; ||V (t)],,, interpolation gives
|V (t) = V(s)|[3 < 2By |[V(t) — V(s)|3. Therefore V € C([0,T]; L?). The vector 8,V + (V - V)V is
an L? curl-free field by transport; it is a pressure gradient in distributions. Thus the velocity Euler
equation used below is indeed available without a global-energy assumption on V. O

2 An initial Euler—Reynolds subsolution
The convention for Euler-Reynolds is
Oru + div(u ® u) + Vp = div R, divu =0, (1)

where R is symmetric. Let b = F~ (e ¥") and by(z) = t~2b(x/t) for t > 0. It is a real radial
Schwartz kernel of integral one; it need not be positive. Write Cy = ||b]];.

Proposition 2.1 (Initial Euler-Reynolds seed). For the preceding decomposition and background,
put
W(t)=bxvg, uO=vV+w, p=py,

RO=WeoW+VeW+WaeV —43[VAW + (VAW)T].



This is a positive-time distributional solution of (1). On 0 <t < T,
-] < o,
chrlu(o)H1 < lvolly + Cyllooll oy »
HR(O)Hl < Jlwoll3 + 2Cy |V |l llvolly + Ct llooll o -
2

It has strong Ly, . initial trace ug and canonical velocity uO(t) = K  ((t) + by x 09). On compact
positive-time intervals R©) e C.L', u(9) € C,L3, and the velocity is strongly continuous in local L?.

Proof. The multiplier of b; is e*t4|5‘4, so W = —4t3A2W. Since divW = 0, div[VAW +
(VAW)T] = A2W. Expanding (V + W) @ (V + W) proves (1) with the stated signs. Plancherel
gives the L? bound and W (t) — vg strongly in L?. Finite-measure convolution gives curl W = b;* g
and the curl bound. Furthermore |[W||; < Cy |lvo|l;. The identity AW = V+ curl W yields

IVAW |, < C [ D[ llooll v = Ct2 llool| g -

Thus the derivative stress costs Ct ||og|| 4, and the other terms are bounded as displayed. Lemma 1.2
proves the trace. Fubini against compact tests, or the Fourier identity, gives the canonical convo-
lution. On positive-time compact intervals, convolution bounds give W € Cy(L' N L? N L™) and
hence W € C'tL?’/2 N C.L3. The derivative stress is continuous in L' by continuity of D?b; in L'.
Products W ® W are L'-continuous by C;L?, while V ® W and its transpose are L'-continuous
by V € C,L3 and W € C,L*?. This proves all asserted continuity without differentiating the old
background. O

Remark 2.2 (Why a subcritical global increment norm is required). Every repair below must have an
arbitrarily small L3/? velocity increment, in addition to its L? and curl-variation estimates. Indeed,
[V @wll; < [[VI]3[lw]ls), closes the whole-plane cross-stress bound. Finite energy and finite curl

variation do not suffice: a smooth radial swirl equal to ey/(rlogr) for r > e? belongs to L?, has
integrable curl, but is not in L?/2. Against a smooth unit-circulation background equal to eg /(27r)
at infinity, [ |V ® w| = co because fgo dr/(rlogr) = co. Multiplying w by a small constant does
not repair this divergence.

3 Endpoint repair: elementary building blocks

3.1 An exact translating dipole

The Bessel functions used below may be defined by their convergent power series, whose termwise
derivatives give the Bessel equation and J{(z) = Jo(z) — J1(2)/z. There is a positive zero 8 € (3,4)
of Ji. For completeness, the alternating series gives Ji(3) > (3/2)(223/1024) > 0 by truncating
after its cubic term in (3/2)%, and J;(4) < —2/45 < 0 by truncating after its fourth such term.
The omitted terms alternate with decreasing magnitudes. The intermediate value theorem gives the
asserted zero. If Jy(8) = 0 also, the recurrence gives Ji (/) = 0. Uniqueness for the regular second-
order Bessel ODE near 3 > 0 would then make J; identically zero, contrary to Ji(z) = 2/2+O(z3).
Thus Jy(B8) # 0. In polar coordinates set

_psin+ 2.J1(Bp)

U(p,0) = BJo(B)
—sin6/p, p=1,

sin 6, <1,
p= D = vty



With ¢ = ¢ 4+ z9, D — ey = V¢ and curl D = —32¢ in By, while curl D = 0 outside. The relations
J1(B) = 0 and J{(B) = Jo(B) give the matching values and first derivatives of the stream function.
The Bessel equation also gives Ji'(8) = —Jo(B)/f, so the second radial derivatives match. Tangen-
tial differentiation of the matching traces gives the other second derivatives; hence the velocity is con-
tinuously differentiable across the circle. In particular ¢ = 0 on the circle and (D —e1)-Vcurl D =0
distributionally. The pressure

P = —%’D — 61’2 — ’%2(]2131

gives —01 D + div(D ® D) + VP = 0. This follows from (w - V)w = (curlw)wt + V(|w|?/2), and
matching on the circle leaves no boundary distribution. Outside the unit disk, D = V(—z1/|z|?);
D is even under x — —x.

For a unit direction ¢ € S!, rotate the velocity and pressure profiles together, and write D,.(z) =
r~1D(x/r) and P.(x) = r~2P(x/r). The direction is suppressed where no confusion arises. Then

—r10¢ D, + div(D, ® D,) + VP, =0, divD, =0, (2)

and
[Drlly = C2,  leurl Dy ||y = Cu, ||DTH3/2 = 03/27"1/37 IVD, ||, = Cv. (3)

The constants are finite by boundedness in the core and the exterior |z| =2 decay; the curl is supported
in B,.
3.2 A symmetric globally integrable anti-divergence

For a vector field f supported in Bg, with

/f =0, /mjfz(x) dr =0 for every 1,7,

define
(Af)ij = BAT f; + 0;A7 f; — 6y div AT

It is symmetric and div.Af = f. Its kernel has degree —1. On Bsg, integration of that kernel
gives CR|| f||;. Outside Bsg, subtract its constant and linear Taylor terms using the two moment
conditions; the remainder is at most CR?|z|~3 || f||,. Integration gives

[Aflly < CRIf]l; - (4)

The output need not be compactly supported. Cancellation of only the mean would leave a generally
nonintegrable |x| 72 far field.
Differentiation of the profile gives

oD, =r7'D, — div(D, @ z/r).

The vector f, = div(D, ® z/r) is supported in B,, because the exterior dipole is homogeneous of
degree —2; || fr||; < C. Evenness gives all first moments zero. Its mean is zero by the boundary flux
on any circle outside B,., since the angular mean of the exterior dipole is zero. Therefore F, = —Af,

satisfies
0Dy =17 'D, +divF,  |F]|,<Cr (5)



3.3 Variable radius and a compact source

On each visit take r,7, X to be C! in time, with r(t) > 0, n(t) > 0, and X’ = n¢/r, and write
Txf(z) = f(r — X). By (2)-(5), the packet v(t,z) = n(t)D,q (v — X(t)) satisfies, after adding
gradients to pressure,

O +div(v @ v) + Vp = (nr) Tx D, /r + div(nr' Tx F}.). (6)
Choose a radial cutoff y equal to zero on B; and one outside Bs, let a = 1/5, and put
O¢(a) = —&-a/lal?, Mo(x) =rx(z/r*)Pe(z), Zy = Dy — VL.

For small r, Z, is even and supported in By, ; direct radial integration gives || Z,|; < Cr(1+|logr|).
Its integral is 27r€: on a large circle the respective boundary integrals for D, and VII, are mré and
—nr§. Thus S, = Z,/r has integral 27¢ and all first moments zero.

Fix a nonnegative radial smooth probability bump U € C¢°(B;) and define Ugy(x) =
H~2U(x/H), supported in By. If 2r® < H, the difference S, — 2rUg¢ has its zeroth and first
moments zero. Equation (4) gives

IA(S: = 27Uk&), < CH(1+ |logr]).
Equation (6) therefore becomes
Ow+diviveuv)+ Vp=U+divE, U=2r(nr)Ug(z — X)E, (7)
where
E =n'Tx Fy + (nr) Tx A(Sy — 20Ux€),  ||Elly < Clor'|r + C|(nr)|H(1 4 [logr]).  (8)

The endpoint estimate ||curlv||; = |n|C,, is independent of r.

4 'Two-scale raster and local stress repair

4.1 Stress coefficients and a fixed cycle

For a prescribed symmetric stress piece S, use the directions ey, ea, (€1 + e2)/v/2, (e1 — e2)/v/2. For
a fixed smooth compactly supported tensor S, choose a nonnegative compact smooth function h
equal to one on a neighborhood of its support. For v > 0 put

A=,/S},+2h?, ~ B= \/S%1+S§2+72h2.

These functions are smooth: near the zero set of h, the entries of S already vanish, so both square
roots reduce to yh. They satisfy A > |S12| and B > max(S11, S22). Define

a1 =B — 511, aa=DB— 5%, a3=A—-512, ag=A+ 512, ¢q=A+B

Then —S +¢qf = ), a;& ® &. All coefficients are smooth, compactly supported, and nonnegative,
with >, |las|l; < C'[|S|;+Cv ||h||;- The final term can be made arbitrarily small before choosing fine
scales. The discarded spatial tail remains a small residual. On a compact time interval, continuity
into L' makes this tail truncation uniform: the continuous image is compact in L!, and a finite
covering reduces the claim to finitely many fixed integrable functions.



Fix a coefficient and its rectangle in coordinates (s,y) adapted to £&. Write a for the original
compactly supported coefficient. On the scanning rectangle define ¢ = a + e with a strictly positive
floor e > 0, and use constant-e longitudinal buffers where a = 0. Write eq,0, for the total added floor
and buffer mass, including the fixed factors from the ramp durations below. This mass is chosen
arbitrarily small. All rectangle, floor, and derivative constants are fixed before the fine parameter
tends to zero. We use two distinct scales

d=H? (row spacing), 7= HS (cycle duration). (9)

The auxiliary bump has width H, not d. One packet visits rows y = kd sequentially, with no
simultaneous packets. On the interior of a row, 7 is constant and r(s) = roc(s, kd). Thus

dt = (ro/n)c(s, kd) ds, /7]2UH(SU —X(t)dt = nro/c(s, kEd)Ug(z — s — kdfj‘) ds.

At entry use a fixed smooth temporal ramp ¢ : [0,1] — [0, 1], equal to zero to all orders at zero and
equal to one with all positive-order derivatives zero at one. At exit use the reversed ramp ((1 — -).
Write I = folg > 0. Throughout either buffer » = rpe is constant. To traverse a buffer of length
L, choose ramp duration roeL/(nl¢). Let B; be the sum over rows of the interior line integrals of
¢; = a; + €;, plus 2e;L/I¢ per row for the two ramps. Allocate 7; = 7/4 to direction 4, and set

5 TdB; Td

ny = 70,i
¢ onT; !

= S (10)
The full scan takes exactly (ro;/ni)B; = 7;, and its coefficient weight is exactly 2mn;ro,/7 = d.
With sufficiently fine d, dB; < C'||a;||; + Cefioor + 0m(1). Writing ereg for the earlier regularization
mass gives 1; < CV8 + C\/Zfoor T Ereg + 0 (1) when ||S]|; < 6. If a direction has zero mass it can
be omitted; a positive floor otherwise makes (10) unambiguous.

On a ramp |(nr)'| < Cn?; on an interior row |nr'| = |(nr)| < n?||d¢logeil| . Constants are
fixed before H | 0. Accordingly ro < H®, all radii are bounded above and below by fixed multiples
of H8, and r/°> = O(H®/%) = o(H). The intrinsic error (8) is O(H|log H|) + O(H?).

Integration by parts on a visit, using n = 0 at its endpoints, gives

=2 /CYCleu dt = div <27T /Cyde n(t)?*Ug(z — X(1)E® fdt) : (11)

T T

Indeed %(anH(x — X)) = (nr)'Ug — n?¢ - VUy. Write the tensor in parentheses, summed over
four directions, as A,y. The raster quadrature obeys

<Cld(|ocall, + H  all) + H|Val,]. (12)

dZ/a(s, kd)Up (- — s€ — kdé) ds — a
k

1

Here is the explicit Banach-valued rectangle-rule proof. Put F(y) = [ a(s,y)Un(-— s — y&t) ds, as
an Ll-valued function. Differentiating it gives [ [|[F'(y)||; dy < ||0Lall; + |lall; [0 Uk||;- On each
row interval of length d, the fundamental theorem of calculus bounds the integrated discrepancy
from its endpoint sample by d times the integral of ||F”||, on that interval. Summing yields the first
two terms in (12). The translation estimate ||a * Ug — al|; < CH ||Val||; gives the third. Estimate
(12) applies to the original compact coefficient a. The added floor and the ramp-weighted buffers
contribute at most Cegoor + 0 (1) separately. Since d = H?, the quadrature error tends to zero.



4.2 Temporal correction and the stress identity

On each cycle [ty, tx, + 7] put
t
Qv =P [ W) - ds
ty

The average here is taken over the entire four-direction cycle, not separately on each direction slot.
This ensures that its tensor is the sum of all four directional averages throughout the cycle. Here
P = I — VA~!div is used only on translates of the fixed bump Ux¢ and their time integrals. Its
needed bounds have a direct fixed-profile proof. Let G = (27)!log |z| and

Zye =Up€ — (D*G x Up)E.

It has zero divergence and curl Zp ¢ = curl(Ug§). At H =1 it is smooth and bounded in the core:
write the Hessian convolution as 8;G*8;Uy, whose |z|~! singularity is integrable. Outside the bump
support, radial averaging gives G x U; = G, so Z1¢ = —D?G¢ = O(|z|72). Hence Z1¢ € LP for
every p > 1. Scaling gives

1Zmell, < CpH/P2.

Minkowski applies to its translates in the time primitive. No general Calderén—Zygmund L? theorem
is needed for this use of P. For an explicit pressure sign, write qg¢ = £ - V(G x Ug) and let
mu(t) = 2m(nr) qme(-— X (t)) for the active direction, with zero value when no packet is active. Then
U—PU = Vmy. Taking pg = —my+71 eycle mu(s) ds gives the exact identity 9,Q +U + Vpg = U.
If B bounds |(nr)’|, bump scaling gives

IQll, < CTH™'B,  ||Ql3 < CTH*B,  [ewlQ|l, < CTH™'B. (13)

Here both U and its cycle average obey the needed norm bound. The curl estimate follows directly
from | VUg||, = O(H™1). No L! boundedness of P is invoked. The corrector vanishes at both cycle
endpoints. Its first time derivative may jump there, so the new velocity correction is continuous
and, after the fixed spatial mollification below, piecewise smooth in time; it is not asserted to be
globally time-smooth.

Given an old distributional Euler—-Reynolds seed (u,p, R), set © = u 4+ v + Q. Combining (7),
(11), and the equation for @ gives, modulo a gradient,

Oyt + div(t @ ) = div R,

R=R+Ap—-ql+E+u@v+v0ut+u®Q+Qeu
+1rRQ+QRv+Q Q.

The scalar g is absorbed into pressure. Thus R=R-S+ FEotal, where the averaging error is
S + As — ¢l and all remaining terms are shown explicitly. The displayed expression for R is
symmetric, since each mixed product occurs with its transpose; the cross terms satisfy

lu @ vlly < llulls 1olls/ < C lullsnr'’?, lv @ Q1 < [lullz 1Q1l3/2 5
2
lv@ Q) < lvlly 1€l Q@ Qll, = Q-

These terms tend to zero at fixed coarse seed as H | 0. The same estimates give an arbitrarily
small L?/? increment. A corrector on one direction slot alone would have the wrong instantaneous
average stress and is not used.



4.3 Spatial smoothing, without remollifying the old seed

The raw profile can be made spatially smooth on each fixed cycle by convolving the new packet
equation with a fixed even compact smooth mollifier py. Keep £ constant throughout that cycle and
take it below its positive minimum radius. Replace v, Q,U, E, A,y by their convolutions consistently.
The packet equation then gains the symmetric commutator

Cr=v®@v— (v @)y,

with the sign determined by moving it to the right-hand side as above. Its L' norm tends uniformly
to zero on the fixed cycle: the map t + v(t) is continuous into L2, its image is compact there, and
approximation of the identity is uniform on compact subsets of L?. Norm bounds do not grow under
probability convolution; evenness and the two moment cancellations are preserved. The constant
smoothing scale eliminates any additional time derivative of the convolution kernel. Zero endpoint
values of v and @ are preserved. The old seed is never remollified, so no new velocity jump is created
at a pre-existing boundary.

Lemma 4.1 (Prescribed-piece local endpoint repair, LER). Consider the following admissible class:
positive-time Euler—Reynolds velocities are continuous into local L? and global L3. Stresses are
symmetric and locally bounded in L{°LL. Their restrictions to the open pieces of a locally finite
positive-time partition admit continuous L' extensions to each piece’s closure. The two one-sided
extensions need not agree at a boundary. Actual stress values at those discrete times are chosen
separately subject to the same norm bound; they do not enter the distributional equation. The
Euler—Reynolds equation holds in distributions. No derivative bound on the old velocity is required
by the local construction.

Let (u, R) be any current pair in this class, J € (0,00) an open interval, and S a prescribed
symmetric tensor compactly supported in time in J, piecewise continuous into L' on the inherited
partition. Write 6 = supy ||S||,. For every e,(, K, > 0 there are w, Eyora1 compactly supported in
time in J such that B

(u,R) = (u+w,R— S + Eiotal)

s again an Buler—Reynolds pair in the admissible class, divw = 0, Eiota) ts symmetric, and

SUP || Brorarlly < ¢, St}p(lleg + [leurlwll;) < CVo +¢, SUp [[wlla/ < k.

The constant C is independent of the seed derivatives, support, patch location, and patch length;
fine parameters may depend on these quantities and on the finite old L3 norm. The new correction
is continuous into L? N L3 N L32, and only finitely many new time boundaries are introduced in
a compact patch. Old boundaries are included in the new partition. Every principal radius can be
required to be al most r,. All outputs paste within the admissible class.

Proof. If 6 =0, take w = Fiota) = 0. Suppose henceforth that 6 > 0. Choose [a,b] € J containing
the temporal support of S in its interior. Only finitely many inherited partition boundaries meet
this interval. On each closed one-sided continuity piece, uniform continuity into L' permits a finite
coarse subdivision such that on each coarse cell I there is a fixed symmetric tensor S, € C°
satisfying
sup [|S(t) — Sklly <0, [ISkll; <0+ <o (14)
tely,
In this display, S on a closed I means the one-sided continuous extension from its interior. No
single actual boundary value is required to equal two different traces. First freeze S at one time with



error at most £0/2, then approximate that single L' tensor by a compact smooth symmetric tensor
with error at most €9/2. There are only finitely many coarse cells. Thus their chosen supports,
spatial derivatives, and decomposition parameters have finite maxima. No derivative of the actual
prescribed S is taken.

On each I, decompose the constant tensor —Sj; modulo ¢ I as above. Choose its regularization
parameter and the positive floors so that all added coefficient mass is arbitrarily small. The rectan-
gular buffers lie outside the support of the original coefficient, where its value is zero before adding
the floor. The constant-floor buffer errors are bounded by a fixed multiple of their total added mass.
In particular, shrinking those masses controls the averaging error and the additive amplitude slack
independently of the size of the rectangle.

Fix the coarse tensor, rectangles, floors, and ramp functions. Divide I into Nj equal complete
four-direction cycles. Put 7 = |[Ix|/Nk, Hy = 75/6, and dy = H?. Consequently 7, = H? holds
exactly, rather than only asymptotically, and every endpoint of I is a complete-cycle endpoint. Use
the exact normalization (10) on each cycle. At fixed positive floors, the quantities dyB; converge
to positive finite limits as Ny — co. The amplitudes therefore have positive lower and finite upper
bounds independent of large Ny, with bounds permitted to depend on the fixed floors. The leading
upper bound is

ni < C\b6+eo+C v/added mass and vanishing row-rule errors.

The constant multiplying /6 + €9 depends only on the fixed four directions and dipole, not on
derivative norms or the rectangle.

All radii on the fixed coarse cell are bounded above and below by positive constant multiples
of H ,?. The constants may depend on its coefficients and floors. Thus 2r1/5 < Hj, and r < r, hold
for all sufficiently large Nj. The quantities |(nr)’| and |nr’| stay bounded independently of N,
because their formulas involve only the uniformly bounded peak amplitudes, fixed ramp functions,
and the fixed logarithmic derivatives of the positive coefficients. Equation (8) makes the intrinsic
stress O(Hy|log Hg|) + O(HY). Equation (13) makes the corrector O(H?) in L? and curl L', and
O(H;6/3) in L3/2. The principal L*/? norm is O(H,f/3) at fixed coarse parameters. Equation (12)
makes the quadrature error tend to zero. Every cross term with the actual old u tends to zero by the
displayed Hoélder estimates and the finite bound supy, |lull5- There is no time-freezing derivative
estimate here: the constructed tensor Sy is constant on the coarse cell, and the already charged
discrepancy is precisely (14).

Finally choose a fixed spatial mollification scale on each complete cycle. The finite set of cycles
has a positive minimum radius. The commutator can therefore be made smaller than any remaining
stress budget, while convolution decreases all required velocity and curl norms. It changes the
averaged tensor to its convolution. The resulting additional averaging error also tends to zero in L?
as the mollification scale tends to zero, since that tensor is integrable. No old field is mollified.

The exact stress identity on I is R=R-— Sy + E,ICOC. It follows by adding the old equation to
the new packet and corrector identities, taking the average over the whole four-direction cycle, and
subtracting ¢ from the intermediate pressure. At times strictly inside a coarse cell, set

Biowal(t) = S(t) = Sk + BY°(t)  (t € L)

Then R = R — S + Eiota1 exactly. Choose ¢p < €/2 and all local stress errors at most /2. This
proves the requested stress bound.

Choose g¢ also so that C/e; < (/3. Next choose added coefficient masses small enough for
their amplitude cost to be at most (/3. Finally choose the cycle counts large enough that the
row-rule amplitude error and the L? and curl cost of Q use at most the remaining (/3. Using
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V3 +eg < Vo+ V€, proves the independent leading increment estimate. The same cycle counts can
make the two L3/2 contributions sum to at most  and all radii at most 7. All these requirements
have already been shown to improve as the counts increase at fixed coarse data, so this is one
compatible parameter choice.

Every principal packet and @) vanishes at each completed cycle endpoint. Extend w by zero
outside [a, b]. Its continuous zero traces exclude temporal delta functions. Define Eio = 0 outside
this interval; the prescribed S is zero there. On the finite set of inherited, coarse-cell, and full-cycle
boundary times, choose Eioai(t) = 0 and R(t) = R(t) — S(t). These choices maintain the exact
algebra and the pointwise error bound, and do not change the distributional equation or one-sided
extensions. The error stress may jump at a, b and at cycle boundaries, but spatial divergence creates
no temporal delta from those jumps. Both output supports are compact subsets of J.

The principal packet is continuous in global L? and L3/2 by positive-radius scaling and trans-
lation continuity, including its zero limits at resets. Fixed spatial smoothing makes it continuous
into L3 by Young’s inequality |p¢ * v|; < C¢~/3 ||v,. The projected-bump time integral makes
() continuous into all three spaces. For each fixed construction these bounds are finite, without
asserting a uniform L? bound through the infinite iteration.

Every local intrinsic stress is continuous into L' on its closed cycle. For the anti-divergence
terms this follows from (4) on a common support ball and the L! continuity of the compact zero-
moment inputs. Translations and positive-radius rescalings preserve the asserted continuity. At
packet resets the prefactors in those intrinsic stresses tend to zero. The commutator and quadratic
terms are continuous by their L? products. The old-new terms are continuous because

[u(t) ®@ w(t) = uls) @ w(s)lly < [lu(t) = uls)llzl[w@)llse + luls)ls[[wE) —wis)lls,-

Adding S — S}, leaves the error piecewise continuous into L'. Thus the new stress and velocity remain
in the stated admissible class. Only finitely many coarse cells and cycles were used in [a, b]. O

5 Global time iteration and exact-target closure

Lemma 5.1 (Zero initial trace from anchor times). Suppose (U, R) and (U, R) are positive-time
Euler-Reynolds pairs with continuous local L? welocities, uniformly bounded local kinetic energies
and global L' stresses on (0,T). Suppose W = U-Uis uniformly bounded in global L? and
W (ty) = 0 for a sequence t, | 0. Then W(t) — 0 in global L? as t | 0.

Proof. For a compact smooth divergence-free spatial test 1, subtract the Euler—Reynolds equations:
d S ~
dt/W~1/):/(U®U—U®U):Vi/)—/(R—R):Vw.

The right side is uniformly bounded. The pairing is Lipschitz, including across piecewise-time
boundaries by the distributional equation and continuity, and its zero values at t; force its limit to
zero. For any sequence t,, | 0, the bounded sequence W (t,) has a weakly convergent L? subsequence.
Its limit is divergence free and annihilates all such v; testing 1 = V1¢ also makes its curl zero.
Fourier variables force this global L? vector field to vanish: away from frequency zero it is both
parallel and perpendicular to &, and an L? function has no zero-frequency point mass. All weak
cluster points are zero, proving the claim. O

Proposition 5.2 (Global iteration). The seed in Proposition 2.1 can be repaired on (0,00) to a
global weak Euler solution with exact initial trace, locally uniformly finite curl variation, and a
globally L? perturbation of the seed at each time, bounded uniformly on finite time horizons.
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Proof. Choose a nonnegative n € C2°((1/2,2)) whose dyadic dilates cover (0, 00) and set

This is a locally finite partition of unity with supp x; € I;. Color patches by j mod 3. Within each
color the intervals are disjoint and leave gaps; for a given j of that color, 3 - 27 lies between I ; and
I;;3. These gap times tend to zero as j — —oo0. Use N = 3 as an overlap bound.

Choose a smooth nondecreasing majorant © > 1, finite on every finite horizon including zero,
such that HR(O) (t)H1 < O(t). It exists from Proposition 2.1. Let §; = 1679 and inductively require
HR(‘]) (t)Hl < §,0(t). Freeze the prescribed pieces Sy; = X]R(q) before any repair at stage q. Set
M;j = supy, ©, m; = inf;; © > 1. For patch j apply LER with

qu:5q+1mj/N, qu: \/(5q/N, Iﬁquziq/N, 7“*:1.

Process the three colors in order. Within one color disjoint supports allow simultaneous pasting,
with no cross term between different patches. Between colors use the current repaired pair as
background, while still removing the originally frozen piece Sg;. This prescribed-piece feature is
why LER is stated with S independently of the current R. Each compact positive-time interval
meets only finitely many patches, and LER introduces only finitely many new boundaries per patch.
Thus the finite-stage admissible class is retained.

At the end of the stage,

u(q+1) — u(q) _|_ wq’ wq = szj7 R(C]"Fl) = ZE(]J
j J

There are at most N active summands at any time, and each has m; < ©(t). Therefore
HR(‘IH)(t)Hl < 94+10(t). During a partially completed color stage the stress is

J processed jJ processed

whose L! norm is at most (J, + d,+1)O(t). If 0 < ¢ < T and a patch is active, I; C (0,47T), so

OiltlgT(llwq(t)llg + eurlwy()],) < [NCVOAT) +1]1/8,. (15)

These bounds are summable in ¢ and also bound intermediate color increments. The arbitrary L3/2
budgets give summable subcritical increments; their more immediate role is making each old—new
global cross stress as small as needed in LER. No uniform-in-stage L? norm is asserted.

For each color the total correction vanishes at its gap times approaching zero. Both old and
new stresses and local energies are uniformly bounded near zero, and the global L? correction is
bounded by (15). Lemma 5.1 shows it has weakly zero initial trace. There are only three colors.
Induction therefore preserves exact initial trace at every stage without requiring small initial energy
or a nearby-endpoint replacement.

The correction series converges uniformly in global L? on (0, 7] for each finite 7. At positive
times the finite stages are locally strongly L? continuous, so their locally uniform limit is too. At
zero, split the series into finitely many terms and a uniformly small L? tail; each finite correction
has weakly zero trace by the previous paragraph. Together with the seed trace this gives u €
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Cw([0,00); L2 ) and u(0) = ug. At each fixed ¢ > 0, the curl series converges absolutely in L' by
(15), and its sum is the distributional curl of the velocity limit. Consequently

sup |[curlu(t)]|; < sup chrlu( (t H + [NCv/O4T) + 1] Z\/7<oo
0<t<T

0<t<T

Add the initial measure norm to obtain the bound including zero. Divergence zero is preserved
distributionally.

Strong L? convergence on compact positive-time cylinders passes the quadratic term to the
limit in L', while HR(‘I)(t)Hl < 640(t) removes the stress. Thus Euler holds on (0,00). For a
test meeting zero, use a temporal cutoff rising on (e, 2¢). Uniform local energy makes the omitted
convection integral tend to zero. Weak local L? continuity identifies the cutoff-derivative term with
[ uo - ¢(0); replacing ¢(t) by ¢(0) in this term incurs an O(e) error. This proves precisely the
target’s initial-value weak formulation. O

Lemma 5.3 (Canonical normalization from a fixed background). Suppose v = U + v, where U €
Co(R%R?), v e L2, divu =0, and pp = curlu € M. Then u = K * .

Proof. The distribution h = u— K % u has zero divergence and curl, so each component is harmonic;
Weyl’s lemma makes it a smooth harmonic function. Its mean-value estimate on Bg(z) gives

1 1
h@) < [ o Gl 1
’BR’ Br(x)

K pul.
R ‘BR‘ Bpgr(x)

The last term is at most C ||ul| /R, because sup, fBR(I) |K(z — y)|dz < CR. The first tends to

zero since U € Cj: separate a fixed large compact set from its uniformly small complement. Letting
R — oo proves h = 0. O

Theorem 5.4 (Global existence). For every datum in the exact target stated at the start of this
document, there is a global velocity with all of its stated properties.

Proof. Proposition 5.2 gives the global velocity, the exact weak initial trace and formulation, and
every-time finite measure curl with locally uniform variation. At each time take U = V4 and
v=(V(t) = Vo) + W(t) + 3, w,(t) € L? in Lemma 5.3; at zero use the prescribed datum directly.
This proves the remaining canonical Biot—Savart identity at every time. No finite-horizon solutions
have to be reconciled or restarted. O
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